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Preface
This book contains the invited presentations and the contributed papers accepted for presentation at
the XVII Spanish Meeting on Computational Geometry (XVII EGC, “Encuentros de Geometrı́a Computacional”), held in Alicante, Spain, on June 26-28, 2017. The meeting focuses on current research
topics in Discrete and Computational Geometry, including both theoretical and applied results.
This series of meetings started in 1990 and combines a strong scientific tradition with a friendly
atmosphere. The intended audience ranges from experienced researchers to students that make their
first steps into the area. Over the years, the meeting has become more international and nowadays the
submissions are peer reviewed.
I would like to thank the many people that make this meeting possible. First of all, I would like to
thank the authors for submitting their research. They are the key players in the success of the event. I
would also like to thank the members of the Program Committee and the external reviewers for providing
their careful feedback to the authors within a tight schedule.
As in previous editions, this year we also enjoy the presence of three great invited speakers: Nancy
M. Amato, Jean Cardinal, and Martin Henk. We are grateful that they accepted the invitation to explain
their research.
Finally, I would like to thank Universidad de Alicante for hosting the event and the Organizing
Committee for accepting the responsibility and doing their job with a great care.
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Huemer

65

Computing Positively Weighted Straight Skeletons of Simple Polygons Using an Induced
Line Arrangement
69
Günther Eder and Martin Held
Order types of random point sets can be realized with small integer coordinates
Ruy Fabila-Monroy and Clemens Huemer

73

Matching points with diametral disks
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Bernardo M. Ábrego, Oswin Aichholzer, Silvia Fernández-Merchant, Dan McQuillan, Bojan
Mohar, Petra Mutzel, Pedro Ramos, R. Bruce Richter and Birgit Vogtenhuber

17

Further improvements on the book crossing number of Kn
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Marı́n-Nevárez, Erick Solı́s-Villarreal, Jorge Urrutia and Carlos Bruno Verlarde
Tuesday 17:00 – 17:50
The connectivity of the flip graph of hamiltonian paths of the grid graph
Frank Duque, Ruy Fabila-Monroy, David Flores-Peñaloza, Carlos Hidalgo-Toscano and Clemens
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Sampling-Based Motion Planning:
From Intelligent CAD to Crowd Simulation to Protein Folding
Nancy M. Amato
Department of Computer Science and Engineering
Texas A&M University

Motion planning has application in robotics, animation, virtual prototyping and training, and even protein
folding and drug design. Surprisingly, sampling-based planning methods have proven effective on problems
from all these domains. In this talk, we provide an overview of sampling-based planning and describe some
variants developed in our group. We describe applications related to virtual prototyping, crowd simulation, and
protein folding. For virtual prototyping, we show that in some cases a hybrid system incorporating both an
automatic planner and haptic user input leads to superior results. For crowd simulation, we describe techniques
for evacuation planning and for evaluating architectural designs. Finally, we describe our application of samplingbased motion planners to simulate molecular motions, such as protein and RNA folding.
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The geometry of k-SUM problems and their relatives
Jean Cardinal
Université libre de Bruxelles (ULB)

The k-SUM problem, for some fixed constant k, is defined as follows: given a set of n numbers, decide whether
there exists a subset of exactly k of them summing to zero. It is a parameterized version of the standard
NP-complete Subset Sum problem. The k-SUM problems, and in particular the special case of 3SUM, play a
fundamental role in the so-called “fine-grained complexity” research program, aimed at understanding the relations between the complexities of problems in P. It has been known for long that many problems in computational
geometry are 3SUM-hard. Although subquadratic algorithms for 3SUM are known [5], it is still conjectured that
it cannot be solved in O(n2−Ω(1) ) time.
The primary purpose of the talk will be to give further insights on the relation between the complexity of
k-SUM and fundamental notions in computational geometry.
First, we will show how to cast k-SUM problems as point location problems in hyperplane arrangements. This
sheds light on recent progress on the query complexity of k-SUM achieved using discrete geometry tools [2, 3, 6].
We will also describe the relation between k-SUM problems and degeneracy testing in point sets. In the plane,
for instance, the problem of detecting collinear triples is 3SUM-hard, and can be seen as some kind of algebraic
generalization of 3SUM. We will describe a recent attempt at bounding the complexity of such generalizations,
in which the sum function is replaced by some bounded-degree polynomial [1]. Throughout, we will also point
out interesting connections to old and new ideas in machine learning, in particular VC-dimension [3], inference
dimension [6], and sparse linear regression [4].
References
[1] Luis Barba, Jean Cardinal, John Iacono, Stefan Langerman, Aurélien Ooms, and Noam Solomon. Subquadratic algorithms for algebraic generalizations of 3SUM. In 33rd International Symposium on Computational Geometry, SoCG 2017, July 4-7, 2017, Brisbane, Australia, 2017.
[2] Jean Cardinal, John Iacono, and Aurélien Ooms. Solving k-SUM using few linear queries. In 24th Annual
European Symposium on Algorithms, ESA 2016, August 22-24, 2016, Aarhus, Denmark, pages 25:1–25:17,
2016.
[3] Esther Ezra and Micha Sharir. A nearly quadratic bound for the decision tree complexity of k-SUM. In 33rd
International Symposium on Computational Geometry, SoCG 2017, July 4-7, 2017, Brisbane, Australia,
2017.
[4] Sariel Har-Peled, Piotr Indyk, and Sepideh Mahabadi.
abs/1609.08739, 2016.

Approximate sparse linear regression.

CoRR,

[5] Allan Grønlund Jørgensen and Seth Pettie. Threesomes, degenerates, and love triangles. In 55th IEEE Annual
Symposium on Foundations of Computer Science, FOCS 2014, Philadelphia, PA, USA, October 18-21, 2014,
pages 621–630, 2014.
[6] Daniel M. Kane, Shachar Lovett, and Shay Moran. Near-optimal linear decision trees for k-SUM and related
problems. CoRR, abs/1705.01720, 2017.
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Cone volumes of polytopes
Martin Henk
Institute of Mathematics
TU Berlin

The classical discrete Minkowski problem asks for necessary and sufficient conditions such that a given set of
distinct unit vectors ui ∈ Rn and positive numbers αi , 1 ≤ i ≤ m, are the facet data of a convex polytope, i.e.,
there exists an n-dimensional polytope P = {x ∈ Rn : hui , xi ≤ bi , 1 ≤ i ≤ m} with m facets Fi = P ∩ {x ∈
Rn : hui , xi = bi } of (n − 1)-dimensional volume αi , 1 ≤ i ≤ m. The problem was solved by Minkowski and
it is a corner stone of classical Brunn-Minkowski theory. The analogous problem in modern convex geometry
and within the Lp -Brunn-Minkowski-theory is known as the Lp -Minkowski problem. Of particular interest is
the limit case p = 0 and the associated so called logarithmic Minkowski problem. Here the problem is to decide
when the given data are the cone data of a convex polytope P containing the origin, i.e., αi is the volume of the
cone generated by the origin and Fi .
In the talk we survey on the state of the art of the logarithmic Minkowski problem.
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Fitting Voronoi diagrams revisited
Manuel Abellanas∗1 and Belén Palop†2
1

Universidad Politécnica de Madrid, Spain
2
Universidad de Valladolid, Spain

Abstract

discard the use of simple heuristics where, even after careful parameter-tuning and thousands of experiments, the best solutions that were found were
far from optimal. In this paper we present a threestep approach where (1) a geometrically-sound starting candidate solution is computed, (2) a Descent algorithm is run (similar to the one described in [1]),
and (3) a Simulated Annealing algorithm is applied
(see [3]). The whole process allows us to explore the
solution space in order to reach close to optimal values for VL(P) within minutes with a non-optimized
Python implementation run in a 1.6GHz laptop.
Since we will be dealing with real-world small problems and mostly rectangular images, let us first bound
our working area with a polygon R that restricts the
region of interest that we are wishing to approximate.
In particular and for the sake of simplicity, in the following R will be a rectangle unless otherwise stated.
From this point on, whenever we refer to a partition
or to a Voronoi Diagram, we will always be referring
to its intersection with the region R, which has a normalized area of 1.
Given a partition P with n regions, we assign each
region an index i. Given a set of n sites, S, we associate each site si ∈ S to the partition’s region whose
index is i, and we use P (si ) for the region in P associated to site si .
We use V D(S) for the Voronoi Diagram of the set
S, and V R(si , S) for the Voronoi Region of site si ∈ S.
Given a set S and a partition P , we use sdP (si , S)
for the area of the symmetric difference of P (si ) and
V R(si , S). We define

Voronoi Diagrams appear in all sorts of natural
growth processes and have thus practical applications
in areas ranging from Zoology to Forestry or Crystallography. Depending on the context, generalizations
for the sites, the distance function or the underlying
space have been developed. The usual starting point
is that we are given a set of generators and the usual
answer is how the underlying space is partitioned according to the chosen distance function. In this paper we address the inverse question formulated as a
location optimization problem: Given a partition of
the plane (not necessarily a Voronoi Diagram), locate
the set of point-generators whose Voronoi Diagram
under the Euclidean distance function best approximates the given partition. Following the terminology in [4], we will call this problem Fitting a Voronoi
Diagram where the difference between the two partitions is defined as the area of their symmetric difference. A problem related to this but in 3D-space
has recently been addressed by Chaidee (see [5] and
references therein).
Since we conjecture this problem to be NP-hard, in
this paper we present heuristics to efficiently approximate real-world examples like, for example, evaluating a picture of a natural growth process with 10-30
regions. We present a three-steps heuristic that leads
to very good approximations for realistic situations,
where the solution improves in each step. We finish
this paper proposing the use of the computed value for
the optimization function as a measure of how close
to being a Voronoi Diagram a partition is, which we
call the Voronoi Likelihood of a partition, VL(P).
1

SDP (S) =

Algorithmic Design

P

sdP (si , S), i ∈ [1, n]
.
2

Note that each non-matching region between P and
V D(S) is counted twice: once as the portion of a
Voronoi Region that is not covered by its corresponding polygon in P , and once as the portion of another
Voronoi Region that is (mistakenly) covered by that
same polygon in P . Figure ??
Since we will later-on define a simulated annealing
heuristic, already following the approach in [2], we
start answering some key problem-specific questions:

To the best of our knowledge, the computational complexity of this problem has not yet been studied and
no polynomial-time algorithm exists in the literature.
Since we conjecture it to be NP-Hard, we dedicate
this section to summarize our heuristic approach. Extensive experiments have been performed in order to
∗ Email:

manuel.abellanas@upm.es.
belen.palop@uva.es.
Research supported by
MTM2015-63791-R.
† Email:
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The feasible regions defined above allow us to locate
a generator in each Gi that satisfies certain symmetry properties. Since non-Voronoi tessellations will at
some iteration j of this procedure generate an empty
region Gji , we iterate j − 1 times and use the barycenter of each feasible region as its initial seed.

1. What is a solution?
A set of n sites in the plane S.
2. What are the neighbors of a solution?
From the solution set S, one random site si relocates.
3. What is the cost of a solution?
The symetric difference of the Voronoi Diagram
and the partition, SDP (S).
4. How do we determine an initial solution?
The first solution is the set of seeds defined in
the next section.
1.1

1.2

Descending

The descent algorithm starts with the seeds S computed as above. Then, a random permutation of the
seeds is computed and, one by one, each generator
si ∈ S is tested. The generator si is translated to a
diferent location within some radius r. Let us call S 0
that new candidate solution where all generators but
si stay in the same location. If SDP (S 0 ) < SDP (S),
then we accept the solution S 0 and try to move the
next generator. We repeat this process several times
(experimentally, between 6 and 8 loops show a good
balance between the time invested and the results obtained) and we then change the radius to be half
of what it was in the previous round. After 10 to
15 rounds the candidates are esentially stable and
improvements are either not made or too small to
make a diference in the final picture (in the scale of
10−5 which, for practical applications, makes no difference).
The random nature of the algorithm allows us to
perform an exploration of the solution-space, since
different runs of the algorithm usually end in diferent
candidate solutions which do not seem to be reachable
through descent. Readers interested in these results
can refer to [1] where another inverse Voronoi problem is addressed and details on the implementation
and experimental results are given.

Planting seeds

If the partition P that we were asked to approximate
were, in fact, a Voronoi Diagram, obtaining the sites
whose Voronoi Diagram matches the partition is a
mathematically simple and well known problem called
Inverse Voronoi. Of course, the problem is more interesting when the input partition is not a Voronoi
Diagram. In that case, we need to find a generator
for each region in the partition that we will call seed.
The set of computed seeds are the first candidate solution. Since two sites generating neighbouring cells
in a Voronoi Diagram are symmetric with respect to
the line containing the common edge of the cells, the
following lemma holds.
Lemma 1 Let S = {s1 , . . . , sn } be a set of n sites in
the plane. For each Voronoi cell V R(si , S), let Gi be
the intersection of the polygonal regions obtained by
reflecting the cells neighboring V R(si , S) with respect
to the corresponding common edges. One verifies that
si ∈ Gi for all i ∈ [1, n].
This lemma can be applied iteratively as a simple
way to bound the unknown location of the sites generating a Voronoi Diagram. In fact, this process allows us to bound the feasible locations for the sites
generating a Voronoi Diagram that approximate any
partition.
We define Gi as in Lemma 1. Let G0i = Gi for all
i ∈ [1, n]. For every j > 0, let Gji be the intersection of Gj−1
and the polygonal regions obtained by
i
reflecting the polygonal regions Gj−1
for all k such
k
that V R(sk , S) is a neighbouring region of V R(si , S),
each with respect to the corresponding common edge.
Iterating this method for j = 0, 1, . . . one obtains,
for every Voronoi cell V R(si , S), a sequence of nested
convex regions V R(si , S) ⊇ G0i ⊇ G1i ⊇ G2i , . . . all
of them containing the seed si that generates Vi . In
the general case, the limit of every such sequence is
a circle centered at the site si in the corresponding
region V R(si , S) whose diameter is the distance between the closest pair of sites in the Voronoi Diagram
(see Appendix A).

1.3

Simulated Annealing

In the previous sections we have seen how to find a
feasible region for each site generating our diagram
that will let us find a first candidate-solution where
sites are already close to their optimal location. We
have also explained how the descent method helped
us understand how the solution-space is filled with
local-minima. We introduce now a Simulated Annealing approach to our problem and give experimentallyvalidated parameters that, given a good set of seeds,
can find nearly-optimal solutions.
We are aware that Simulated Annealing techniques
have been sometimes shown to be either slow or not
succesful enough due to the careful tunning needed to
fix the temperatures. As we will show in the experimental section below, we have performed thousands of
experiments in order to find suitable parameters that
are both efficient and succesful for nearly-Voronoi input partitions with less than about 50 sites, leading
to a parameter-free algorithm for all partitions. The
14
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generic questions posed in [2] are then answered as
follows:
1. How do we determine an initial temperature?
We set t0 to 1/ log10 (SDP (S0 )).
2. How do we determine the cooling ratio r?
We set r to 0.7 + log10 n.
3. How do we determine the temperature length
L and the acceptance of candidates?
For each temperature t, the number of iterations is set to t/0.06n and we accept a candidate solution if it improves the previous one,
or if some randomly chosen value from a uniform distribution between 0 and 1 is greater
than e−δ/t , where δ is the difference between
the new candidate’s solution and the present
solution.
4. How do we know when we are frozen?
We will stop when the temperature reaches
t0 /(100 log10 (n)).

Figure 1: Original partition (blue) and Voronoi Diagram found by the algorithm (red). Perturbations
from an exact Voronoi Diagram are, from left to
right, 1%, 5% and 10%, while the respective computed Voronoi-Likelihoods are 99.6%, 96% and 90%.
a Voronoi Diagram have been slightly perturbed.
We have introduced controlled perturbations in
the vertices of the Voronoi Diagram of 1%, 5%
and 10% of the expected length of an edge in each
case. For each perturbation, we move each vertex
within a circle with that radius (following a normal distribution) for its new placement. Whenever the new location would not maintain the
topology, the perturbation was discarded. Note
that no perturbation had to be discarded for the
10 or 20 regions data-points sets, while in the 50set, only 4 movements were prevented for the 10%
radius and none was discarded for smaller perturbations. We have used 5 different partitions
of 10, 20 and 50 regions respectively to calibrate
the Simulated Annealing algorithm, where 5 runs
on each set have been performed for each combination of parameters even though differences
among executions are negligible.

As follows from the above answers, the careful tunning of the algorithm makes all decisions depend only
on n, the number of regions of the original partition.
Note that this value affects all choices, increasing the
number of iterations per temperature, decreasing the
freezing temperature, and slowing down the cooling
process. The explanation for this relationship is that
the more regions a partition has, the more local the
changes in the solutions are. Note that since, on average, each site in a Voronoi Diagram has 6 neighbours,
relocating a site in a 10-sites Voronoi Diagram affects
pretty much all regions, while for 50-sites all improvements are necessarily smaller and have less effect on
the global optimum. Even though we conjecture Simulated Annealing to be also of use for bigger partitions, both the high running times and our interest
in realistic input-settings has kept our main goal to
obtain the best results in small partitions.
2

• finally, Type-C are the partitions from digitalized
real-examples that look like Voronoi Diagrams to
the naked eye, but where we have no information
on the partition and no validation can be made
but as a comparison to what it looks.
In order to visualize how close to being a Voronoi
Diagram some image is and how does the Voronoilikelihood measure match the naked-eye impression,
Figure 1 shows the original partitions and the best result that our algorithm found for them. The three sets
are different perturbations of the same exact Voronoi
Diagram (namely, Set 1 in our experiments).
Once all parameters have been set and the algorithms have been run several thousand times, we have
run them on real contexts. Figure 2 shows three real
settings where the algorithm has been run on, while
on Figure 3 we add one layer with the Voronoi Diagram as found by our algorithm. Since no known algorithm can give us the real optimal location for the
generators to compare with, we can only rely on the
results that we have obtained in the more controlled
situations where the algorithm has been tested, tuned
and validated.

Experimental results

In order to calibrate and validate our approach, we
have defined three types of inputs where different levels of Voronoi-likelihood are expected:
• We use Type-A for the partitions that are exact
Voronoi Diagrams. For the sake of completeness,
we have made experiments with 10, 50 and 500
polygons in the partitions, despite 500 being too
high for any real-world picture where we would
be interested in analyzing its Voronoi-likelihood.
Our tests show that the seed-planting algorithm
is so powerful in these situations that no additional descent or annealing is needed to obtain
optimal results.
• Type-B are the partitions where the vertices of
15
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Figure 2: C-Descartes (left) C-Tylapia (middle) and
C-Heifetz (right) are the original pictures from which
the partitions are extracted.

Figure 3: C-Descartes (left) C-Tylapia (middle) and
C-Heifetz (right) and their matching Voronoi Diagrams.

The following table shows our best results for
the Voronoi-Likelihood obtained with this system for
some Type-C experiments, that is, real pictures of
growth processes where, by hand, edges separating
regions are set. The partition is then given as an input to our algorithm and an optimal set of sites whose
Voronoi Diagram approximates the partition is found.
The algorithm is run 5 times and the best result is
chosen.

and perturbated Voronoi Diagrams. In particular, we
have shown how the Voronoi-Likelihood measure decreases when we introduce bigger perturbations. We
have also described and tuned a simple heuristic algorithm that relies on Simmulated Annealing to find
the best approximation to a given partition.
Practical implications for this work are manyfold,
since any growth process in nature that follows a
Voronoi-like pattern can be analized by means of a
picture. Moreover, industrial applications are now being studied, since we expect local changes in, for example, pressure or temperature during the manufacturing process of a Voronoi-Like structure to appear
as a different Voronoi-Likelihood in that particular
area.

Type
C-Descartes
C-Tylapia
C-Heifetz

Regs
12
29
25

SDP (S)
0.019
0.032
0.120

VL(P)
98.08%
96.79%
87.99%

Picture C-Descartes shows one of the most famous Voronoi-Diagrams, which was drawn in 1645 by
Descartes in an attempt to show the distribution of
the matter in the universe. This is the most exact
of the C-Type inputsets that we are using, showing a
98% Voronoi-Likelihood, even though our generators
are far away from the positions shown in Descartes’
drawing. Picture C-Tilapia uses a real picture of some
tilapia fish, just like Suzuki and Iri did in 1986. Our
results match exactly those found by them showing a
Voronoi-Likelihood of 97%1 . Finally, C-Heifetz shows
a picture of a piece of art made with 3 layers of soap
bubbles by the artist Jeanne Heifetz2 where we concentrate on the darker-edges’ partition. Even though
for the untrained eye the partition may look like a
Voronoi Diagram, our experiments show that this partition has a Voronoi-Likelihood of 88%, a much lower
level than the previous pictures.
3
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Abstract

is, for any b ≤ s−2, also b-bishellable. Our main result
is that (b n2 c−2)-bishellability also guarantees, with a
simpler proof than for s-shellability, that a drawing
has at least H(n) crossings. We exhibit a drawing of
K11 that has H(11) crossings, is 3-bishellable, and is
not s-shellable for any s ≥ 5. This shows that we have
properly extended the class of drawings for which the
Harary-Hill Conjecture is proved.

The Harary-Hill conjecture, still open after more than
50 years, asserts that the crossing number of the complete graph Kn is
 



n−1
n−2
n−3
1 n
.
H(n) :=
4 2
2
2
2
Ábrego et al. [Shellable drawings and the cylindrical
crossing number of Kn . Disc. & Comput. Geom.,
52(4):743–753, 2014.] introduced the notion of shellability of a drawing D of Kn . They proved that if D is
s-shellable for some s ≥ b n2 c, then D has at least H(n)
crossings. This is the first combinatorial condition on
a drawing that guarantees at least H(n) crossings.
In this work, we generalize the concept of sshellability to bishellability, where the former implies
the latter in the sense that every s-shellable drawing

Introduction
We consider topological drawings of the complete
graph Kn in the plane. In these drawings vertices
are drawn as points in the plane and edges as simple planar curves that contain no vertices other than
their endpoints. As usual, we require that all intersections are proper crossings (no tangencies) and that
two edges share only a finite number of points. A
drawing is called simple if edges do not self-intersect
and if each pair of edges shares at most one point.
The number cr(D) of crossings in a drawing D is the
sum of the number of intersection points of all unordered pairs of interiors of edges. The crossing number cr(G) is the minimum cr(D) over all drawings D
of G. A drawing is crossing optimal (or minimal) if
cr(D) = cr(G).
A long-standing conjecture is that the crossing
number cr(Kn ) of the complete graph Kn is equal
to
 



1 n
n−1
n−2
n−3
H(n) :=
.
4 2
2
2
2
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A very fine history of this and related problems is
given by Beineke and Wilson [8]. They attribute the
conjecture to Anthony Hill. As it is first published by
Harary and Hill in [9], we propose the notation H(n)
used above to denote the conjectured value of cr(Kn )
and attribute the conjecture to Harary-Hill.
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imply cr(D) ≥ H(n)), is not true for topological drawings. A further step is done considering

Recently, an important line of research has been
started by Ábrego et al. [2], who restricted the allowed drawing styles and proved that for these drawings the conjecture is true. In [2], they consider 2-page
book drawings of Kn and later in [3, 7] the technique
was extended to monotone drawings of Kn where all
the vertices have different x-coordinates and the edges
are x-monotone curves. In [4], Ábrego et al. generalize
those previous results giving the first general combinatorial condition on a drawing D of Kn that guarantees
that D has at least H(n) crossings. In their paper,
which also prompted this work, they introduced the
notion of shellability of a drawing of Kn .
In this work we define a more general version of
shellability that we call bishellability, and which is
implied by shellability. The main benefit of our approach is the simplification of the principal concept.
This allows a significantly simpler and more intuitive
proof for the fact that bishellable drawings satisfy
the Harary-Hill Conjecture. Moreover, bishellability
reflects better the required properties. We are convinced that this is a further step to gain more insight
into the structure of crossing minimal drawings, with
the ultimate goal to prove the Harary-Hill Conjecture.
1

E≤≤k (D) :=

cr(D) = 2

j
k X
X

Ei (D)

j=0 i=0

bn/2c−2

X

k=0

 

n−2
1 n
E≤≤k (D) −
2 2
2

(1)

1
− (1 + (−1)n )E≤≤bn/2c−2 (D).
2
Using this equality, a straightforward calculation

translates the lower bound E≤≤k (D) ≥ 3 k+3
into
3
cr(D) ≥ H(n).
2

Bishellable drawings


The lower bound E≤≤k (D) ≥ 3 k+3
was shown in [2]
3
for 2-page drawings and then, in [3, 7] the technique
was extended to monotone drawings.
Shellable drawings are introduced in [4] as the first
combinatorial condition on a drawing that guarantees
at least H(n) crossings. For the definition, we recall
that, for a drawing D of Kn , a face of D is a component of R2 \D[Kn ]. Finally, if V is a subset of vertices
in the drawing, D − V denotes the drawing obtained
when vertices of V and all edges incident to them are
deleted from D.

The relation between the number of crossings in
a rectilinear (or pseudo-linear) drawing of Kn and
the number of its k-edges was first described by
Lovász et al. [10] and, independently, by Ábrego and
Fernández [6]. Ábrego et al. [2] generalized the notion of k-edges to topological (simple) drawings, as
follows. Fix a drawing D of Kn and let uv be a directed edge of D. Let w be a vertex of D other than u
or v. We denote by uvw the oriented, closed curve
defined by concatenating the (oriented) edges uv,vw
and wu. Note that uvw is a simple closed curve that
can be oriented in the standard way. We say that w
is on the left (respectively, right) side of uv if uvw
is oriented counterclockwise (respectively, clockwise).
Finally, we say that the edge uv is a k-edge of D if it
has exactly k points of D on one side (left or right).
The relation between k-edges and crossings turns
out to be useful to give a lower bound for the number
of crossings of rectilinear drawings when (≤ k)-edges
are considered. Specifically, if we denote by Ek (D)
the number of k-edges of D and define
E≤k (D) :=

j=0

E≤j (D) =

and showing that

k-edges and crossings

k
X

k
X

Definition 1 ([4]) For a positive integer s, a planar
drawing D of Kn is s-shellable if there is a sequence
v1 , v2 , . . . , vs of distinct vertices of D so that, relative
to a face F , for all integers r, t with 1 ≤ r < t ≤ s,
the vertices vr and vt are both incident with the face
of D − {v1 , . . . , vr−1 , vt+1 , . . . , vs } containing F .
One of the disadvantages of the notion of shellability is that s-shellable does not imply (s − 1)shellable. This is because the sequence v1 , v2 , . . . , vs
induces a circular sequence of “faces” and vertices
F = F1 , v1 , F2 , v2 , . . . , Fs−1 , vs−1 , Fs , vs , F , where Fi
is a face of D r{v1 , , vi−1 } and consecutive faces share
the vertex between them in their boundaries. However, a long circular sequence does not imply a shorter
circular sequence.
We introduce a more general variant of shellability
that we call bishellability.
Definition 2 For a non-negative integer s, a drawing D of Kn is s-bishellable if there exist sequences
a0 , a1 , . . . , as and bs , bs−1 , . . . , b1 , b0 , each sequence
consisting of distinct vertices of Kn , so that, with respect to a reference face F :

Ej (D)

j=0

then a lower bound for E≤k (D) traslates inmediately
into a lower bound for cr(D) [6, 10].
In [2] it is shown that the lower bound E≤k ≥
3 k+2
(that is true for rectilinear drawings and would
2

1. for each i = 0, 1, 2, . . . , s, the vertex ai is incident with the face of D − {a0 , a1 , . . . , ai−1 } that
contains F ;
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2. for each i = 0, 1, 2, . . . , s, the vertex bi is incident with the face of D − {b0 , b1 , . . . , bi−1 } that
contains F ; and
3. for each i = 0, 1, . . . , s,
{bs−i , bs−i−1 , . . . , b0 } = ∅.

as in the D-sum, while an invariant i-edge contributes
k − i to the (D − a0 )-sum and k + 1 − i to the D-sum.
Therefore, we have

{a0 , a1 , . . . ai } ∩

k
X
i=0

We remark that if a0 , a1 , . . . , as and bs , bs−1 , . . . , b0
show that D is s-bishellable, then the same sequences
without as and bs show that D is (s−1)-bishellable.
Moreover, the vertices a0 and b0 must lie on the
boundary of the common face F .
Also, if D is s-shellable, with witnessing sequence
v1 , v2 , . . . , vs , then D is (s−2)-bishellable with witnessing sequences a0 , a1 , . . . , as−2 and bs−2 , bs−3 , . . . , b0
defined by ai = vi+1 and bi = vs−i .
With this new definition, the key lemma from [4] is
replaced by the following version (the full proof can
be found in [1]):

(k + 1 − i)Ei (D) ≥

k−1
X
i=0

(k − i)Ei (D − a0 ) + ID + S0 ,

where ID is the number of invariant edges and S0 the
number of edges incident with a0 .
In order to finish the
 proof we need to show that
there are at least k+2
invariant edges and the contri2

bution of the edges incident with a0 is at least 2 k+2
2 .

From Lemma 3 and Equation (1) we get:
Theorem 4 If D is an (b n2 c − 2)-bishellable drawing
of Kn , then cr(D) ≥ H(n).

Lemma 3 If a drawing D of Kn is k-bishellable and
0 ≤ k ≤ b n2 c − 2, then


k+3
.
E≤≤k (D) ≥ 3
3

There are two main remarks to be made here. First,
in the previous version we had to ask for shellability for some s ≥ b n2 c while with bishellability only a
fixed value is required. Second, even though the same
principal ideas are used in the two proofs, the proof
of Lemma 3 involves a significantly simpler induction
than its version in [4]. Both advantages are due to
the monotonicity of the new concept.

Proof. (Sketch) Bishellability allows us to simplify
the approach in [4]. We proceed by induction on k.
The base case of k = 0 is trivial, as the face F is
incident with at least three edges and each of these is
a 0-edge. Thus,


0
X
0+3
,
(0 + 1 − i)E0 (D) = E0 (D) ≥ 3 = 3
3
i=0

3

Shellable and bishellable drawings

The main point of this work is to simplify the notion
of shellability and to simplify the proof that shellable
drawings of Kn have at least H(n) crossings. However, there is also some interest in understanding the
distinctions between shellable, bishellable, and general drawings. To simplify the discussion, we define
a drawing D of Kn to be shellable if it is s-shellable
for some s ≥ b n2 c, and bishellable if it is (b n2 c − 2)bishellable. That is, shellable and bishellable drawings have at least H(n) crossings. Furthermore, we
call a drawing of Kn Harary-Hill optimal if it has
H(n) crossings. We use this notation to keep in mind
that drawings with H(n) crossings are only conjectured to be optimal.
Two Harary-Hill optimal drawings of Kn with n ≥
11 odd are given in [4]. One especially relevant to us
has every edge crossed at least once. Figure 1 gives
the drawing for K11 . In particular, no face of this
drawing is incident with two vertices, so this cannot
be s-bishellable for any s ≥ 0. Thus, there are HararyHill optimal drawings that are neither shellable nor
bishellable.
On the other hand, a tin can drawing of Kn has a
cycle of length dn/2e having no edges crossed. Such a
cycle shows that the drawing is dn/2e-shellable. Thus,
it is shellable and so also bishellable. In particular, it
has at least H(n) crossings.

as required.
For the induction step, let a0 , a1 , . . . , ak
and bk , bk−1 , . . . , b0 be sequences witnessing kbishellability. Consider the drawing D − a0 . Then
a1 , . . . , ak , bk−1 , . . . , b0 show it is (k − 1)-bishellable
and, since k − 1 ≤ (b n2 c − 2) − 1 ≤ b n−1
2 c − 2, the
induction implies that


(k − 1) + 3
((k − 1) + 1 − i)Ei (D − a0 ) ≥ 3
.
3
i=0

k−1
X

Rewritten, this is


k+2
(k − i)Ei (D − a0 ) ≥ 3
.
3
i=0

k−1
X

Consider an edge e in D − a0 . If e is an i-edge
with i ≤ b n−1
2 c − 2, then it is either an i-edge or
an (i + 1)-edge of D, depending on whether a0 joins
the majority or minority part of the R’s and L’s with
respect to e in D − a0 . We call those that are i-edges
in both D − a0 and D invariant.
It is not hard to see that that the coefficient of a
non-invariant i-edge in the sum for D − a0 is the same
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n1

n2

n3

Figure 3: Base for non s-shellable with s ≥ bn/2c
but (bn/2c − 2)-bishellable drawings.
bound for Ek or some related quantity?
• Can you find a combinatorial characterization of
Harary-Hill optimal drawings?
Figure 1: Non-bishellable, Harary-Hill optimal drawing of K11 where all edges are crossed [5].
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We close with two open questions:
• Is there a concept similar to bishellability that
does not require the starting vertices of the sequences to share a cell, but still implies some
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Abstract

Shahrokhi, Sýkora, Székely, and Vrt’o [13] provided a
geometric description of k-page book drawings of Kn
and bounded their number of crossings above, showing that

 
1
2
n
n3
νk (Kn ) ≤ 2 1 −
+
.
k
2k
4
2k

We study the k-page book crossing number of the complete graph Kn , denoted by νk (Kn ). We improve the
lower bounds on νk (Kn ) for all k ≥ 14 and for any k
and n with n > 5k. Our proofs rely on bounding the
number of edges in convex graphs with small number
of crossings per edge. In particular, we determine the
maximum number of edges in a convex graph with at
most 4 crossings per edge.
1

In 2013, De Klerk, Pasechnik, and Salazar [9] (see
Proposition 5.1) gave another construction and computed its exact number of crossings using the geometric approach in [13]. It can be expressed as
j n k

Zk (n) := (n mod k) · F
+ 1, n
k
j n k 
+(k − (n mod k)) · F
,n ,
(1)
k

Introduction

A k-page book is the union of k halfplanes with a line
l as a common boundary. The halfplanes are called
pages and the line l is called spine. In a k-page book
drawing of a graph G, the vertices are drawn as points
on the spine of a k-page book and the edges as simple curves on its pages with the restriction that each
edge is completely contained in a single page. The
k-page book crossing number of the graph G, denoted
by νk (G), is the minimum number of edge-crossings
over all k-page book drawings of G. Here, each instance of a crossing by a pair of edges is counted.
Book crossing numbers have been studied in relation
to their applications in VLSI designs [7, 10]. We are
concerned with the k-page book crossing number of
the complete graph Kn .
In 1964, Blažek and Koman [5] described k-page
book drawings of Kn with few crossings and proposed
the problem of determining νk (Kn ). They only described their construction in detail for k = 2 and indicated that it could be generalized to larger values
of k. Several slightly different generalizations of these
constructions have been considered. In 1994, Damiani, D’Antona, and Salemi [8] described constructions
using adjacency matrices, but did not explicitly compute their exact crossing numbers. Two years later,

where

F (r, n) :=

r 2
(r − 3r + 2)(2n − 3 − r).
24

(2)

Then νk (Kn ) ≤ Zk (n). All the constructions in [8],
[13], and [9] generalize the original Blažek-Koman
construction. They coincide when k divides n but are
slightly different otherwise. They are widely believed
to be asymptotically correct. In fact, the constructions in [8] and [9] have the same number of crossings
(which is in some cases smaller than that in [13]), giving rise to the conjecture (as presented in [9])
νk (Kn ) = Zk (n).
This conjecture was proved by Ábrego, Aichholzer,
Fernández-Merchant, Ramos, and Salazar for k = 2
(Theorem 7 in [1]),
 



1 n
n−1
n−2
n−3
ν2 (Kn ) = Z2 (n) =
;
4 2
2
2
2
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νk (Kn ) =

n
k

≤ 3 (Theorem 5 in [2]),

1
(n − 3)(n − 2k);
2

and by de Klerk et al. for a few sporadic cases for
n ≤ 15 (Table 4.1 in [9]), see Table 1. The only other
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n
ν3 (Kn )
ν4 (Kn )
ν5 (Kn )

7
2
0
0

8
5
0
0

9
9
3
0

10
20
7
0

11
34
12
4

12
51
18
9

13
83
34
15

14
121
22

15
165
30

Let e` (n) be the maximum number of edges over all
convex subgraphs of Dn in which each edge is crossed
at most ` times. The problem of maximizing the
number of edges over convex graphs satisfying certain
crossing conditions was studied by Brass, Károlyi, and
Valtr [6]. Functions equivalent to e` (n), where the
maximum is taken over general drawings of graphs in
the plane, were studied by Pach and Tóth [12]; Pach,
Radoic̆ić, Tardos, and Tóth [11]; and Ackerman[4].
In [2], we proved the following theorem that relates
the functions e` (n) to the k-page book crossing numbers νk (Kn ). This theorem is the basis of the proof
of Theorem 7, and the lower bound improvements in
Table 3.

Table 1: Sporadic values of νk (Kn ) proved in [9], except
for the shaded values proved in [2].

known exact values of νk (Kn ) are νk (Kn ) = 0 for
k > dn/2e (as Zk (n) = 0 in this case).
In terms of general lower bounds, Shahrokhi et al.
[13] proved a bound for νk (G) for any graph G. Using
this bound for Kn gives
 
27kn
n
n(n − 1)3
3
−
+ O(n3 ).
νk (Kn ) ≥
=
2
2
296k
37
37k 4

Theorem 1 [2] Let n ≥ 3 and k ≥ 3 be fixed integers. Then, for all integers m ≥ 0,

This bound was improved by De Klerk et al. [9] to
 3 n
3
) if k = 4,

 119 4 + O(n



n
2

 (3k−2)2 4
if k is even, and
νk (Kn ) ≥
n ≥ k 2 /2 + 3k − 1,



n
2


if k is odd, and

 (3k+1)2 4
n ≥ k 2 + 2k − 7/2.
(3)
Using semidefinite programming, they further improved the lower bound for several values of k ≤ 20.
On the other hand, Zk (n) was asymptotically estimated in [9],
  
  
2
1
n
νk (Kn ) ≤ Zk (n) =
1−
+O(n3 ).
2
k
2k
4
2

νk (Kn ) ≥

m−1
X
m
n(n − 3) − k
e` (n).
2
`=0

So upper bounds on e` (n) provide lower bounds on
νk (Kn ). It is easy to see that e0 (n) = n − 3. In
[6] (Theorems 8), they consider a function similar to
e1 (n). They essentially show that the largest number
of edges in a subgraph of Dn such that any two edges
sharing a vertex cannot both be crossed by a common edge is d 23 (n − 3)e. This is related to the first
part of the following result proved in [2], where we
determined the value of e` (n) for ` ≤ 3.
Theorem 2 [2] For any n ≥ 3,

Our approach: maximizing edges

Our results heavily rely on a different problem for
convex graphs that is interesting on its own right.
There are several models to study crossing numbers in k-page book drawings. In the circular model,
a given (good) k-page book drawing of a graph G is
drawn on the plane as follows. The spine is now a
circle C. The vertices of G are placed on C, typically forming the set of vertices of a regular polygon inscribed in C. The edges are diagonals or sides
(straight line segments) of the polygon that are kcolored in such a way that two edges get the same
color if and only if they originally were on the same
page. Using this model, the problem of determining
νk (Kn ) is equivalent to finding the minimum number
of monochromatic crossings in a k-edge coloring of a
circular drawing of Kn . Any pair of edges that cross
contributes to the number of crossings. The subgraph
induced by each of the colors is known as a convex (geometric) or outerplanar graph. Since we are interested
in crossings, it is often convenient to disregard the
sides of the underlying polygon as edges. We denote
by Dn the complete convex graph minus all the edges
corresponding to the sides of the underlying polygon.

e1 (n)

=

e2 (n)

=

3
(n − 3) + δ1 (n)
2
2(n − 3) + δ2 (n) and
9
(n − 3) + δ3 (n)
4

e3 (n) =
where

δ1 (n) =
δ2 (n)

δ3 (n)

=

=





1/2 if n ≡ 0 (mod 2),
0
otherwise.
1
0

if n ≡ 2 (mod 3),
otherwise.


−1/4



1/2
 5/4


0

if
if
if
if

n ≡ 0 (mod 4),
n ≡ 1 (mod 4),
n ≡ 2 (mod 4),
n ≡ 3 (mod 4).

Here, we extend this result by determining e4 (n).
Theorem 3 For any n ≥ 4,
e4 (n) =
22

5
(n − 3) + δ4 (n),
2
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(b)

(a)

(c)

Case 3. Suppose there are no crossing-free diagonals and G⊗ has a cycle. In this case, we modify G
to obtain a graph G0 on the same vertex-set, with at
least as many edges as G, with at most 4 crossings
per edge, and with a crossing-free diagonal, so that
e(G) ≤ e(G0 ) ≤ 25 (n − 3) + δ4 (n) by Case 1. We say
that G has a valid replacement if there is a proper
subset V0 of the vertices such that the set E0 of edges
intersecting the interior of the convex hull of V0 satisfies that |E0 | ≤ 52 (|V0 | − 3) + δ4 (|V0 |) + c0 , where
c0 is the number of nonedges of G contained in the
boundary of the convex hull of V0 . In this case, we
say that V0 generates a valid replacement. If G has
a valid replacement generated by V0 , then we obtain
G0 by removing E0 (leaving the interior of the convex
hull of V0 empty) and adding any nonedges of G on
the boundary of the convex hull of V0 and a copy of
Hn0 with vertex-set V0 . Showing the existence of a
valid replacement in this case is reduced to a careful
case analysis that is several pages long [3].


Figure 1: (a-b) The graphs S7 and S70 , the unique subgraphs of D7 with 11 edges and local crossing number 4.
(c) The graph S8 , a subgraph of D8 with 13 edges and
local crossing number 4.

where


1/2 if n ≡ 0 (mod 4),



0
if n ≡ 1 (mod 4),
δ4 (n) =
3/2
if n ≡ 2 (mod 4),



1
if n ≡ 3 (mod 4).

Proof. (Sketch.) In [3], we construct a convex graph
Hn with 52 (n−3)+δ4 (n) edges and at most 4 crossings
per edge for any positive integer n. This proves that
e4 (n) ≥ 52 (n − 3) + δ4 (n).
We prove that e4 (n) ≤ 52 (n−3)+δ4 (n) by induction
on n. The graphs D5 and D6 are clearly optimal and
it can be proved that S7 (or S70 ) and S8 (see Figure
1) also have the maximum number of edges among all
subgraphs of D7 and D8 , respectively, with at most 4
crossings per edge. Let n ≥ 9 and G a subgraph of
Dn with edge-set E and lcr(G) ≤ 4. Let e(G) denote
the number of edges in G. We consider three cases.

For general values of `, we have the following conjecture.
Conjecture 5 For each integer ` ≥ 0 there is a positive integer N` such that for every n ≥ N` ,
e` (n) = M` (n − 2) + Θ(1),
where
M` = max

Case 1. Suppose G has a crossing-free diagonal,
say v1 vt with 3 ≤ t ≤ n − 1. Consider the two
subgraphs G1 and G2 induced by the sets of vertices {v1 , v2 , . . . , vt } and {vt , vt+1 , . . . , vn−1 , vn , v1 },
respectively, and deleting the edge v1 vt . Then G1
and G2 are subgraphs of Dt and Dn+2−t , respectively,
whose edges are crossed at most 4 times. Therefore,
by induction,
e(G) ≤ e(G1 ) + e(G2 ) + 1 ≤ e4 (t) + e4 (n + 2 − t) + 1

3




e` (m) + 1
: 3 ≤ m ≤ N` − 1 .
n−2

Results for k-page book crossing numbers

We now use Theorems 2 and 3 to explicitly state the
best lower bounds guaranteed by Theorem 1.
Theorem 6 For any integers k ≥ 3 and n > 2k,
1

2 (n − 3)(n − 2k) if 2k < n ≤ 3k,




(n − 3)(n − 25 k) − kδ1 (n)




if 3k < n ≤ 4k,




3
 (n − 3)(n − 3k) − k(δ1 + δ2 )(n)

2
if 4k < n ≤ b4.5kc + β,
νk (Kn ) ≥




2(n − 3)(n − 27

8 k) − k(δ1 + δ2 + δ3 )(n)



if
b4.5kc
+ β < n ≤ 5k



5
37


(n − 3)(n − 10 k)

 2
−k(δ1 + δ2 + δ3 + δ4 )(n) if n > 5k.
where β = −1 if k is even and 4|n, β = 1 if k is odd
and 4|(n − 2), and β = 0 otherwise.

= 52 (t − 3) + δ4 (t) + 25 (n + 2 − t − 3) + δ4 (n + 2 − t) + 1
= 52 (n − 3) + δ4 (n) + δ4 (t) + δ4 (n + 2 − t) − δ4 (n) − 23 .
The result follows since δ4 (t)+δ4 (n+2−t) ≤ δ4 (n)+ 23 .
For the remaining two cases, let G⊗ be the crossing
graph of G, that is, the graph whose vertices are the
edges of G and two vertices of G⊗ are adjacent in
G⊗ if the corresponding edges in G cross. We need
the following lemma that guarantees the existence of
crossing-free diagonals in G (edges or nonedges) under
certain conditions.

The bounds in Theorem 6 become weaker as n/k
grows. We use a different approach to improve this
bound when n is large with respect to k. For fixed k,
it is known that

Lemma 4 Let G be a subgraph of Dn , where n ≥ 3.
If G⊗ has no cycles, then e(G) ≥ 2n − 6.
Case 2. Suppose G⊗ has no cycles. Then Lemma 4
implies that e(G) ≤ 2n − 6 < 52 (n − 3) + δ4 (n).

νk (Kn )
ν (K 0 )
 ≥ k n0 n
n
4

23

4
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for all n ≥ n0 ≥ 4. By Theorem 1, for n ≥ n0 ≥ 4 we
have
νk (Kn )
L 0 (m)
 ≥ max k,nn0  .
n
1≤m≤5
n0 ≥2k

4
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For fixed k, it would be ideal to find the n0 achieving
the previous maximum. We use n0 = b 111
20 kc, which
gives the actual maximum when k ≡ 6, 9, 11, 19,
24, 32, 37, 45, 50, 58, 60,63,73,76 (mod 80) and close
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Theorem 7 For any integers k ≥ 3 and n ≥
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νk (Kn ) ≥
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n
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·
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n0 = b 16 kc for 14 ≤ k ≤ 20, we obtain the bounds in
Table 2, which improve the previous bounds for these
values of k as compared in Table 3.
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Abstract

Two simple drawings G and H are weakly isomorphic if there exists an incidence-preserving bijection
between their vertices, such that two edges of G cross
if and only if the corresponding two edges of H cross.
We will consider the classes of weakly isomorphic simple drawings of Kn , the complete graph on n vertices.
We can efficiently handle them using rotation systems.
The rotation of a vertex in a drawing is the cyclic order of all edges incident to it. The rotations of all
vertices of a drawing form its rotation system. A rotation system is said to be realizable if it is a rotation
system of a simple drawing. Two simple drawings of
Kn are weakly isomorphic if and only if they have the
same rotation system (up to reflection) [5].
A semi-simple drawing of a graph is a drawing in
which edges that share a vertex do not cross, but edges
not sharing a vertex are allowed to (properly) cross an
arbitrary number of times; see [9] and also [2]. Semisimple drawings can have regions that are bounded
only by two continuous pieces of (two) edges, which we
denote as lenses. If a lens contains no vertex, we call
it empty. We call a rotation system semi-realizable
if it can be drawn as a semi-simple drawing. It is
known that every semi-realizable rotation system can
be drawn without empty lenses [8]. We call semisimple drawings without empty lenses minimal.
Motivated by the amount of structure of simple
drawings determined by rotation systems, we investigate the properties of (minimal) semi-simple drawings
w.r.t. their rotation systems. As for simple drawings,
a semi-simple drawing with three vertices can only be
a simple 3-cycle. A simple drawing of K4 has either
no crossing or one crossing; a semi-simple drawing
with the latter rotation system has exactly one pair
of edges that crosses an odd number of times. We observe that for K4 , all minimal semi-simple drawings
are simple. For Kn , the rotation system of a semisimple drawing determines whether two edges cross
an even or an odd number of times. This is related to
the Hanani-Tutte theorem, which states that a graph
is planar if and only if in a drawing any two nonadjacent edges cross an even number of times, and
which motivates the notion of the independent odd
crossing number [11]. While the Hanani-Tutte theorem (like probably most results considering the odd
crossing number) considers all drawings of a given

In this work we study rotation systems and semisimple drawings of Kn . A simple drawing of a graph
is a drawing in which every pair of edges intersects
in at most one point. In a semi-simple drawing, edge
pairs might intersect in multiple points, but incident
edges only intersect in their common endpoint. A rotation system is called (semi-)realizable if it can be
realized with a (semi-)simple drawing. It is known
that a rotation system is realizable if and only if
all its 5-tuples are realizable. For the problem of
characterizing semi-realizability, we present a rotation
system with six vertices that is not semi-realizable,
although all its 5-tuples are semi-realizable. Moreover, by an exhaustive computer search, we show
that also for seven vertices there exist minimal not
semi-realizable rotation systems (that is, rotation systems in which all proper sub-rotation systems are
semi-realizable). This indicates that checking semirealizability is harder than checking realizability. Finally we show that for semi-simple drawings, generalizations of Conway’s Thrackle Conjecture and the
conjecture on the existence of plane Hamiltonian cycles do not hold.
1

Introduction

In a drawing of a graph, vertices are represented by
distinct points in the plane, and edges are represented
by Jordan arcs with their vertices as endpoints. Additionally, edges must not contain any other vertices, no
three edges intersect in the same point, and any intersection between two edges is either a proper crossing
or a common endpoint. In a simple drawing of a graph
any two edges intersect at most once3 .
∗ Part of this work was developed in the Master’s thesis of
the second author [4].
† Email: oaich@ist.tugraz.at
‡ Email: f.ebenfuehrer@student.tugraz.at
§ Email: iparada@ist.tugraz.at. Supported by the Austrian
Science Fund (FWF): W1230.
¶ Email: alexander.pilz@inf.ethz.ch. Supported by a Schrödinger fellowship, Austrian Science Fund (FWF): J-3847-N35.
k Email: bvogt@ist.tugraz.at
3 In the literature, simple drawings are also called good drawings, simple topological graphs, or even just drawings.
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graph, we are interested in drawings of Kn with a
given rotation system.
In this paper, we aim for determining semirealizability of rotation systems. To decide whether
a given rotation system is semi-realizable, we use a
backtracking approach based on an algorithm for generating simple drawings [1]. To adapt it for semisimple drawings we use an upper bound on the number of times two edges can cross in a minimal semisimple drawing, i.e., without creating empty lenses.
Given a rotation system of Kn , we call the rotation
systems restricted to 4 or 5 elements 4-tuples and 5tuples, respectively. A rotation system is realizable if
and only if all its 4- and 5-tuples are realizable [6].
As a 4-tuple is semi-realizable if and only if it is realizable, it was conjectured that realizability of all
4-tuples is sufficent for semi-realizability. We refute
this conjecture in Section 3.
2

Figure 1: Semi-simple drawings extending a nonrealizable 5-tuple (depicted in black).
exists a second non-realizable 4-tuple in this 5-tuple.
This 4-tuple must include u.

Thus, to decide realizability of all 4-tuples it suffices
to check all 4-tuples containing an arbitrary vertex u.

Realizability of rotation systems

Corollary 4 Checking the realizability of all 4-tuples
in a rotation system can be done in cubic time.

To decide the realizability of a rotation system, it suffices to check that all 5-tuples (and thus 4-tuples) are
realizable [6]. While a brute-force approach to check
all the 4-tuples yields an O(n4 ) time algorithm, we
show that only O(n3 ) checks are needed.

There are five realizable 5-tuples and two other
semi-realizable ones (see the black sub-drawings in
Figure 1). While for 4-tuples it was sufficient to check
all those containing one fixed element, this approach
no longer works for realizability of 5-tuples, as there
are arbitrarily large semi-simple drawings containing
only one non-realizable 5-tuple. Such drawings can
for example be constructed modifying the drawings
in Figure 1 by adding an arbitrary number of vertices
similar to the red one.

Observation 1 In a realizable 4-tuple, the rotations
of three of its vertices determine the rotation system.
Lemma 2 In any rotation system of five vertices, the
number of non-realizable 4-tuples is even.
Proof. A flip in a rotation system is the exchange of
the positions of two neighboring vertices in the rotation of a vertex. Let R be a rotation system of the
vertices {a, b, c, d, e} and consider an arbitrary flip of
two neighboring vertices b and c in the rotation of a.
This flip only affects the two 4-tuples on {a, b, c, d}
and on {a, b, c, e}. Since in each of these two 4-tuples
only one rotation changes, the realizability of the two
4-tuples switches due to Observation 1. Hence, by
one single flip, the number of non-realizable 4-tuples
in R either changes by two or stays the same. Using
the argument of various sorting algorithms, we know
that by multiple single flips we can obtain every possible rotation system. Since we know that a 5-tuple
without a non-realizable 4-tuple exists the number of
non-realizable 4-tuples in a 5-tuple is always even. 

3

Semi-realizability of rotation systems

From the computations we know that all rotation systems of five vertices that have only realizable 4-tuples
are either realizable or semi-realizable; see Section 5.
Moreover, each of them has a unique minimal semisimple drawing (up to homeomorphism of the sphere).
However, in general it is not the case that realizability
of 4-tuples implies semi-realizability, which disproves
the related conjecture mentioned in the introduction.
Theorem 5 The semi-realizability of a rotation system does not follow from the realizability of all its
4-tuples.
Figure 2 shows two partial drawings of a rotation
system with six vertices that is not semi-realizable,
but whose 5-tuples are all semi-realizable. The left
one is equivalent to the rotation system of the geometric drawing of K5 with the five vertices in convex
position; all other 5-tuples are equivalent to the rotation system of the semi-simple drawing to the right.
For proving that the given example in Figure 2 is
not semi-realizable, we argue about area-containment

Lemma 3 Let R be a rotation system of n vertices.
If R contains a non-realizable 4-tuple, then every vertex of R is contained in a non-realizable 4-tuple.
Proof. Assume that there are four vertices v, x, y, z
whose sub-rotation system is non-realizable. Then a
5-tuple {u, v, x, y, z} with any fifth vertex u is also
non-realizable. From Lemma 2 we know that there
26

XVII EGC, Alicante, June 26-28, 2017

v4
v6

v5

v4
v6

v6

v3

v5

v5
v2

a

v3

v1

v5

v5
v2

b

a

x

b

Figure 3: Two edges forming a basic spiral (left) and
a general spiral (right).
number of vertices
rotation systems
simple drawable RS
semi-simple, need 2 cr.
semi-simple, need 3 cr.
semi-simple, need 4 cr.
semi-simple, need ≥ 5 cr.
∃ subset not semi-simple
minimal not semi-simple

Figure 2: Two partial drawings of the unique nonsemi-realizable rotation system on 6 vertices.
of points in triangles. For this we make use of the following lemma, which generalizes a well-known property of simple drawings to semi-simple drawings.
Lemma 6 For a rotation system of a semi-simple
drawing of Kn and a 3-cycle through vertices a, b, and
c of this drawing, consider the two regions bounded
by the cycle. Any other vertex v must lie in the region
in which at least two of the three edges to v emanate
from a, b, and c.

5
6
7
7 173 39 349
42 336
5 102 11 556
5 370
2 62 20 634
21 657
5 3 379 ≥ 5 500
3 2 152 ≥ 1 000
808
340
2 634
0
1
480

8
167
725
419
000
000
?
993
?

Table 1: Number of rotation systems (with all 4tuples realizable) and their types of realizations.
a minimal semi-simple drawing of Kn . In particular,
the configuration shown in Figure 3, which we call a
spiral, is forbidden, as it is not completable: vertex
x lies inside a lens bounded by the edges ab and xy
(gray region in Figure 3), and thus, edges xa and xb
cannot be added to the drawing.
The algorithm starts with a single edge. We also
fix the starting vertex of the second edge. In every
step the drawing is extended by adding a crossing
(and maybe a vertex) in all possible ways avoiding
spirals and empty lenses. It ends when we are forced
to create an empty lens for which we do not have a
point remaining to place in.
With this algorithm we can compute an upper
bound on the maximal number of crossings of an edge
pair in a semi-simple drawing of Kn . There exists
a construction for a spiral-free drawing of two edges
with 2n−4 crossings for n vertices [6, arXiv version];
we elaborate on this in more detail in the full version.

The statement of Lemma 6 can be proven in a way
similar to the one for simple drawings. The proofs
of Lemma 6 and Theorem 5 are deferred to the full
version. We remark that the statement of Theorem 5
also follows from the computations; see Section 5.
4

x

y

v6

v6
v6

v1

y

v5

Computational issues

To decide algorithmically whether a rotation system
is semi-realizable, we used a backtracking approach
based on the algorithm for realizing simple drawings
used in [1]. We modified it allowing multiple proper
crossings per edge pair. It thus requires an upper
bound on the maximum number of proper crossings
per edge pair in a minimal semi-simple drawing of Kn .
From computations we get that 5 and 10 crossings are
such upper bounds for n = 6 and n = 7, respectively.
Using these parameters, we verified that the example in Figure 2 is the only non-semi-realizable one
with six vertices where all 4-tuples are realizable. For
seven vertices we exhaustively analyzed all possible
rotation systems. We found 480 non-semi-realizable
rotation systems such that the sub-rotation system of
every proper subset of vertices is semi-realizable.
To determine an upper bound on the maximum
number of crossings per edge pair, we use another
backtracking algorithm. It enumerates all different
ways how two edges can cross multiple times without
creating some forbidden patterns.
We proceed with an overview of how the algorithm
works; a detailed description can be found in [4].
The drawings with two edges in which we are interested are sub-drawings of minimal semi-simple drawings of Kn , i.e., we want them to be completable to

5

Results from computations

Table 1 summarizes the results obtained from the
computations described in Section 4. We started with
all rotation systems entirely consisting of realizable 4tuples, and subtracted the realizable ones; see [1].
For the remaining sets we checked whether they
can be drawn semi-simple with a predefined maximal
number of crossings per edge pair. Increasing this
maximal number stepwise from 2 to the maximum,
we obtained semi-simple drawings with the minimum
maximal number of crossings per edge pair. The number of rotation systems requiring 2, 3, 4 or more crossings is also given in Table 1. For n = 6 there is
precisely one rotation system which cannot be drawn
27
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3
3

5
5

1

6

6
1

2

2

4
4

Figure 4: Two semi-simple drawings of the same rotation system with up to 5 (left) and only 3 (right)
crossings per edge-pair.

Figure 5: A semi-simple drawing of K6 without a
plane Hamiltonian cycle (left) and a thrackle with 8
edges (bold) in a semi-simple drawing of K7 (right).

semi-simple. For n = 7 there are 340 rotation systems which contain this rotation system as a subset,
and are thus not semi-realizable. For n = 8 there are
2 634 993 rotation systems which contain a non-semirealizable set of cardinality 6 or 7. The computations
for n = 8 are still ongoing. Thus, we currently do not
know if there exists a non-semi-realizable rotation system containing only semi-realizable proper subsets.
Let us finally remark that for n = 6, two edges
can cross up to 5 times and there exists a minimal
semi-simple drawing obtaining this number; see Figure 4 (left). However, for this rotation system there
is a semi-simple drawing with only 3 crossings per
edge-pair; see Figure 4 (right).

simple drawings. See e.g. [3] for related but different
generalizations of the thrackle conjecture.
Acknowledgments. We thank the referees for their
valuable comments and references.
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[2] M. Balko, R. Fulek, and J. Kynčl. Crossing numbers and combinatorial characterization of monotone
drawings of Kn . Discrete Comput. Geom., 53(1):107–
143, 2015.

We also investigated generalizations of conjectures
on simple drawings for the class of semi-simple drawings and present two interesting results on plane
Hamiltonian cycles and thrackles.

[3] G. Cairns and Y. Nikolayevsky. Bounds for generalized thrackles. Discrete Comput. Geom., 23(2):191–
206, 2000.

Plane Hamiltonian cycles. A plane Hamiltonian cycle of a drawing of G is a Hamiltonian cycle that
does not cross itself. It is conjectured that every simple drawing of Kn contains a plane Hamiltonian cycle [10], but so far no proof was found. We show that a
similar conjecture is not true for semi-simple drawings
of Kn by providing an example with 6 vertices that
does not contain a plane Hamiltonian cycle (where
two edges of the cycle are allowed to cross an even
number of times, but not an odd number of times);
see Figure 5 (left).

[4] F. Ebenführer. Realizability of rotation systems.
Master’s thesis, Graz University of Technology, 2017.
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Introduction

In this paper we study a variant of The Art Gallery
Problem in which beacons are used as guards.
Let P be an orthogonal polyhedron. Two points p
and q in P are visible to each other if the line segment
pq is contained in P . A set G of points of P guards
P if every point p ∈ P is visible from a point g ∈ G.
A beacon is a xed point in P that can induce a
magnetic pull toward itself over all points in P . When
a beacon b is activated, points in P move greedily to
decrease their Euclidean distance to b. A point p can
move along any obstacles it hits on its way towards
a beacon b as long as its distance to b keeps monotonically decreasing. Thus, the path from the initial
position of p towards a beacon b may alternate between moving in straight line segments contained in
the interior of P and line segments on the faces of P .
The piecewise linear path created by the movement
of p under the attraction of b is called the attraction
path of p with respect to b. If the attraction path
of p ends in b, it is said that p is covered by b. If p
reaches a position where it is unable to move in such
a way that its distance to b decreases, p is said to be
stuck and it has reached a local minimum on ∂P , see
Figure 1. It is said that a set B of beacons covers P
if every point of P is covered by at least one element
of B .
* Email:

Figure 1: The point p reaches a local minimum when
attracted by the beacon b.
Beacon attraction was recently introduced by Biro
et al. [1, 2, 3]. This model extends the classical notion
of visibility; any object visible from a beacon can be
attracted by it following a straight
  line.
In this paper we prove that n8 guards placed on
the vertices are always sucient and sometimes necessary to guard an orthotree having n vertices. We
n
also show that 12
beacons placed on the vertices are
always sucient and sometimes necessary to cover a
well-separated orthotree having n vertices.
1
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A polyhedron in R3 is a compact connected set
bounded by a piecewise linear 2-manifold. A face of a
polyhedron is a maximal planar subset of its boundary whose interior is connected and non-empty. A
polyhedron is orthogonal if all of its faces are parallel
to the X Y , X Z or YZ planes. An edge is a minimal positive-length straight line segment shared by
two faces and joining two vertices of the polyhedron.
Each edge, with its two adjacent faces, determines a
dihedral angle, internal to the polyhedron. Each such
angle is 90 degrees (at a convex edge ) or 270 degrees
(at a reex edge ) in an orthogonal polyhedron.
An X -plane is a plane that is perpendicular to the
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X -axis; we dene a Y -plane and a Z -plane in a similar way. An X -face is a face of a polyhedron that
is contained in an X -plane ; we dene a Y -face and a
Z -face in a similar way.
A Y -face f of an orthogonal polyhedron P is a left
face (right face ), if for any interior point q ∈ f there is
an ε > 0 such that any point at distance less than or
equal to ε from q and to the right (left) of f belongs
to the interior of P . In a similar way, Z -faces are
classied into top or bottom faces, and X -faces, as
front or back faces.
A connected polyhedron P is a lifting polyhedron if
there exists a Z -plane Q, such that for all planes parallel to Q their intersection with P is either empty, or
it is a vertical translation of P ∩ Q.
The next denitions were given by Damian et al.
in [5]. An orthotree P is an orthogonal polyhedron
made of axis-aligned cuboids glued face to face, such
that the dual graph of P is a tree. The intersection
of two adjacent cuboids in P is 2-dimensional face,
namely a non degenerate rectangle. The degree of a
cuboid bi ∈ P is dened as the degree of its corresponding vertex in the dual graph of P . A leaf is a
cuboid of degree one; a connector is a cuboid bi of
degree two such that its two neighbours are glued to
opposite faces of bi ; otherwise, bi is a junction. In
this paper we assume that leaves and connectors are
only adjacent to junctions, otherwise, we could simply
merge adjacent connectors and leaves before applying
our proposed solutions. An orthotree is well-separated
if no junction is adjacent to another junction, that is,
all the neighbors of any junction are either leaves or
connectors.

call this polyhedron the notched octoplex.
Observe in Figure2 that the attraction path of the
"center" point p of P with respect to any of the distinguished vertices leads to a local minimum located
at a notch on a channel of P . By symmetry, the same
happens with the rest of the vertices of P . Hence,
the interior of the notched octoplex cannot be covered with vertex beacons.
Nevertheless, there exist families of orthogonal
polyhedra that can be covered (guarded) with vertex beacons (vertex guards), such is the case of the
orthotrees. Observe that any point in an orthotree
P is visible to at least 8 vertices of P . This observation justies the study of both covering and guarding
orthotrees using vertex beacons and vertex guards,
respectively.

(a)

2

Covering orthogonal polyhedra

In this section we show that not all orthogonal polyhedra can be covered with vertex beacons (a vertex
beacon is a beacon placed on a vertex). This disproves a question posed by J. Urrutia at the 12th
Latin American Symposium, Ensenada, Mexico: Is it
true that if we place a beacon at every vertex of an
orthogonal polyhedron, any point p in the interior of
P can choose a beacon b such that b covers p?
We present now an orthogonal polyhedron P such
that if we place a vertex beacon on each vertex of P
there is a point p not covered by any of the beacons,
see Figure 2a. Our example is based on the octoplex
polyhedron, proposed by T. S. Michael in [7]. The octoplex consists of a cuboid with six channels, each one
of them going across a dierent face. It is known that
the octoplex cannot be guarded with vertex guards (a
vertex guard is a guard placed on a vertex). We take
a stretched octoplex and attach to the center of each
of its channels a slightly narrower cuboid of the same
length. This generates a notch in each of the channels
of the stretched octoplex, as shown in Figure 2a. We

(b)

Figure 2: (a) The notched octoplex, 13 vertices and
three faces are colored for reference in Figure 2b. (b)
The three dierent orthogonal projections of P , the
line segments show that the 13 vertices of a corner
of P (5 blue, 4 green, and 4 rose) cannot attract the
center point p, which gets stuck in one of the colored
faces; by symmetry the same holds for the rest of the
vertices.
30
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3

Guarding orthotrees

Figure 4: An orthotree that requires

n
8

vertex guards.

Let P be a well-separated orthotree. We construct a graph H whose vertices (nodes for clarity) are
the junctions and the leaves of P . Two nodes in H are
connected by an edge if their corresponding cuboids
in P are adjacent or joined by a connector. Observe
that H is a tree.
If a node of H represents a leaf of P , we can associate to it four vertices that are not vertices of any
other cuboid of P . Each junction j of P is a cuboid
such that at least four, and at most eight of its vertices are vertices of P , see Figure 5; associate these
vertices to j . Thus each node of H has been assigned
at least four vertices of P .
We dene the distance between two junctions in P
as the distance between the nodes representing them
in H . Note that if a junction j is at distance exactly
1 from a junction that contains a beacon b, then both
j and the two cuboids adjacent to j (which could be
two connectors or a connector and a leaf) are covered
by b.
We place beacons in the vertices of P as follows:
Let v1 , . . . , vs be a longest path in H . Place a beacon in one of the vertices of the cuboid of P represented by the node v3 of H . Delete from H the edge
(v3 , v4 ). Now, consider as H the subtree that contains
v4 and repeat this process until the longest path in H
has length less than or equal to 4. An example of this
process is shown in Figure 6.
Proof.

Figure 3: An orthotree with two of its maximal
cuboids shown in red and blue.

Let P be a orthotree with n vertices.
Then  n8  vertex guards are always sucient and occasionally necessary to guard P .
Theorem 1

Proof. Let P be an orthotree with n vertices. We
dene a maximal cuboid of an orthotree P as a maximal axis-aligned cuboid contained in P (see Figure 3).
Note that each maximal cuboid contains at least 8 vertices of P on its boundary. Note also that at most 3
maximal cuboids have a non-empty intersection.
We assign to each maximal cuboid T of P 8 of the
vertices of P contained on the boundary of T (see the
distinguised vertices in Figure 3).
Let G = (V, E) be the graph where V is the set of
vertices assigned to the maximal cuboids of P , and
there exists an edge (u, v) in E if u and v are assigned
to the same maximal cuboid. Note that, by the choice
of vertices for each maximal cuboid, G may be not
connected, such is the case for the orthotree shown
in Figure 4. The subgraph induced by the vertices
assigned to any maximal cuboid of P is a complete
graph with 8 vertices.
It is not dicult to see that G is 8-colorable. We
8-color the vertices of G. This partitions the vertices
of G into
 eight chromatic classes, one of which has at
most m8 vertices, where m is the number of vertices
of G. Since each maximal cuboid of P has a vertex of
each color, it follows that the vertices of any chromatic
class
 n  guard P . Hence, P can be guarded using at most
8 of its vertices.
It is easy to see that the three dimensional comb
(which is a well-separated orthotree) with k spikes
and n = 8k vertices needs at least k = n8 guards to
be guarded, see Figure 4. Our result follows.


4
4.1

Covering well-separated orthotrees
Upper bound
n

vertex beacons are always su12
cient to cover a well-separated orthotree P having n
vertices.

Theorem 2

Figure 5: Types of junctions in well-separated orthotrees.
31

XVII Spanish Meeting on Computational Geometry

Now we prove that P is covered. We claim that if j
is a junction in P , then j is at distance at most 1 from
a junction that has a beacon at one of its vertices.
Let j be a junction in P and u its corresponding
node in H . Note that u could become a leaf of H as
a consequence of a deletion. If u is not a leaf of H
before removing its corresponding subtree, then either
j contains a beacon or j is joined by a connector to a
junction that contains a beacon. Otherwise, in order
for u to become a leaf of H , we previously had to cut
at least one edge (v, u) incident to u. This implies that
we removed a subtree rooted at v , where the junction
represented by v has a beacon and is at distance 1
from j , see the node u and its corresponding junction
j in Figure 6.
Since a junction j and its two adjacent cuboids are
covered by a beacon contained in any other junction
at distance 1 from j , and any junction j in P either
has a beacon or is at distance 1 from a junction that
has a beacon, it follows that any point in P is covered.
We place a beacon for every subtree removed from
H . Each removed subtree contains at least three
nodes of H . Each node
 n in H represents at least 4
beacons placed at the ververtices of P . Hence, 12
tices of P are always sucient to cover P .

The previous proof does not apply to orthotrees
that are not well-separated. The reason is that, if
an orthotree is not well-separated, then some of its
junctions are not vertex disjoint. Therefore, it is not
true that we can always assign four vertices to the
nodes of the tree that we constructed for the proof.
12 vertex beacons are always sucient to cover an orthotree having n vertices.
Conjecture 3

4.2

n

Lower bound
 

Bae et al. [4] proved that n6 beacons, placed at reex vertices, are always sucient and sometimes necessary to cover an orthogonal polygon with n vertices.
For the lower bound, they gave the construction of an
orthogonal
  n  spiral Pr with r reex vertices which needs
r
3 = 6 beacons in order to be covered.
To obtain the lower bound in R3 we can construct a
lifting polyhedron P from the orthogonal spiral polygon given by Bae et al. [4]. This orthogonal spiral polyhedron is a well-separated orthotree and has
twice as many vertices as the orthogonal
spiral polyn
vertices are necgon. Therefore, it follows that 12
essary to cover P .
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1

or polyhedron.

Introduction

In the plane an α-floodlight f is a light source that
emits light within a cone of angular size α bounded by
two rays emanating from a point p, called the apex of
f . In this paper, we will be dealing with α-floodlights
of sizes π and π/2. In most of the cases we show how
to illuminate the interior, the exterior, or the interior
and the exterior of a polygon or polyhedron with αfloodlights or their generalization in R3 .

Let P be an orthogonal polygon (polyhedron) in R2
(R3 ). We say that two points p, q ∈ P are orthogonally visible if the smallest axis-aligned box (an axisaligned rectangle in R2 or an axis-aligned cuboid in
R3 ) containing them is contained in P . We consider
a chromatic variation of the Art Gallery Problem on
orthogonal polygons and orthogonal polyhedra under
orthogonal visibility. A point p is illuminated by a
point q if it is orthogonally visible from q. A set of
points G illuminates P if every point in P is orthogonally visible from at least one element of G. In this
paper we will assume that the elements of G have
been assigned a color. From now on we will refer to
orthogonal visibility simply as visibility.
A set G of colored points of a polygon or polyhedron P strongly illuminates P if every element p
of P is visible from at least one element of G, and
all the elements of G that see p have different color.
We want to find the smallest number χ(n) of colors
such that any n-vertex polygon or polyhedron can be
strongly illuminated with a set of points using χ(n)
colors. In this paper we will be using α-floodlights, or
their generalizations in R3 to illuminate our polygons

2

Related work

In 1973, V. Klee posed the following problem: How
many lights are always sufficient to illuminate the interior of an art gallery represented by a simple polygon on the plane
 with n vertices? V. Chvátal proved
in [3] that n3 lights are always sufficient and sometimes necessary. Since then, illumination problems
have been studied by many authors. The book by J.
O’Rourke [7], and the surveys by T. Shermer [8] and
J. Urrutia [9] are good sources of information on art
gallery problems.
Floodlight illumination problems were initially
studied in 1997, see [2, 9]. A chromatic version
of the problem was studied in [4]. The problem
was motivated by applications in distributed robotics,
where colors indicate the wireless frequencies assigned
to a set of covering landmarks, so that a mobile
robot can always communicate with at least one landmark without interference. A chromatic version using floodlights was studied in [6]. A chromatic version with conflict free illumination was studied in [1].
A chromatic version with conflict free illumination
using guards with orthogonal visibility was studied
in [5]. We present some of the results of the chromatic variant of the Art Gallery Problem in Table 1.
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Table 1: Previous Results
Bounds on the chromatic number
Simple Polygons
Polygon
lower
upper
C/V/α
Ref
Spiral
≤2
st/l/2π
[4]
√
Monotone
Ω( n)
st/l/2π
[4]
General
Ω(n)
O(n)
st/l/2π
[4]
Monotone
O(log n)
cf/l/2π
[1]
General
O(log2 n)
cf/l/2π
[1]
General
1
1
st/l/≤ π
[6]
Orthogonal Polygons
Stair
≤3
st/l/2π
[4]
√
Monotone
Ω( n)
st/l/2π
[4]
log2 n
General
Ω( log3 n )
cf/l/2π
[5]
General
Ω(log n)
O(log n)
st/l/2π
[1][5]
General
Ω(log2 n) O(log2 n) cf/r/2π
[5]
C:Color type (cf:Conflict free st: Strong).
V:Visibility model (l:standar r:orthogonal).
α:Size of visibility.

3

is a bottom window in P if the window belongs to
a bottom edge of P 0 . Similarly we define an upper
window, a left window and a right window.
For a given floodlight f , the beginning of f is the
oriented half-line starting at the apex of f , that leaves
the area illuminated by f to its right, and the area not
illuminated by f to its left. The end of f is defined
in a similar way. Given a floodlight f , its orientation
is the value of the (non-negative) angle between the
positive x-axis to the beginning of f .
We proceed now to extend the concept of floodlights
to R3 . A wedge in R3 is the intersection, or the union
of two halfspaces whose supporting planes intersect.
The line of intersection of the supporting planes is
called the axis of the wedge. A wedge is called small,
if it is the intersection of two halfspaces. It is called
large if it is the union of two halfspaces. Note that if
a wedge W is small, then the intersection of W with
a plane orthogonal to the axis of W, determines an
angular region A of size α less than or equal to π,
if W is a big wedge, then α is greater than π. The
wedge W will be called an α-wedge. An orthogonal
wedge in R3 is the intersection or the union of two
halfspaces whose supporting planes are orthogonal. If
an orthogonal wedge is small, it is a π2 -wedge, if it is
large it is a 3π
2 -wedge. An α-segment guard f of P
placed on a segment s in P , guards all of the points of
P visible from s and contained in an α-wedge whose
axis contains s. We assume that an α-segment guard
f can be rotated about its axis until it reaches a desired final orientation. In the rest of this paper we will
assume that our α-segment guards are always placed
in such a way that their supporting planes are parallel to the xy-, xz- or yz-planes of R3 . We will use
α-segment guards f such that they illuminate only
points p within an α wedge, with the additional restriction that the shortest line segment joining p to f
is a line segment orthogonal to f .

Preliminaries

We study first a chromatic variation of the Art Gallery
Problem on simple orthogonal polygons. Observe that
the internal angle at any vertex of an orthogonal polygon is of size π/2 or 3π/2. A vertex with internal angle
size π/2 is called a convex vertex and a vertex with
internal angle size 3π/2 is called a reflex vertex.
A polyhedron in R3 is a compact set bounded by a
piecewise linear 2-manifold. A face of a polyhedron
is a maximal planar subset of its boundary whose interior is connected and non-empty. A polyhedron is
orthogonal if all of its faces are parallel to the xy-, xzor yz-planes. The faces of an orthogonal polyhedron
are orthogonal polygons with or without orthogonal
holes. A vertex of a polyhedron is a vertex of any of its
faces. An edge is a minimal positive-length straight
line segment shared by two faces and joining two vertices of the polyhedron. A polyhedron P is a lifting
polyhedron if there exists an xy-plane Z such that for
all planes parallel to Z their intersection with P is
either empty, or it is a vertical translation of P ∩ Z.
For any polygon (polyhedron) P , |P | denotes the
number of vertices of P , ∂P , int(P ) = P − ∂P , and
ext(P ) = R2 − P (ext(P ) = R3 − P ) denote, respectively, the boundary, the interior and the exterior of P . χ(P, α), χ(ext(P ), α), and χ(P ∪ ext(P ), α)
denote the smallest integer such that there is a set
of α-guards, colored with χ(P, α), χ(ext(P ), α), and
χ(P ∪ ext(P ), α) colors that strongly illuminates P ,
ext(P ), and P ∪ ext(P ). For any point p the visibility polygon (visibility polyhedron) is the set of points
visible from p.
Let P1 and P2 be two subpolygons (subpolyhedra)
of P . We call P1 and P2 independent if no point
in P can simultaneously see points from int(P1 ) and
int(P2 ).
For a polygon P in the plane an edge e of P is a
right edge if there is an ε > 0 such that any point
at distance less than or equal to ε from any interior
point of e and to the left of e belongs to the interior
of P . Left, top and bottom edges are defined similarly.
The windows of a subpolygon P 0 in P are those parts
of ∂P 0 that do not belong to ∂P . A window of P 0

4

Orthogonally illuminating orthogonal polygons
with floodlights of size π/2 and π

Theorem 1 Let P be an orthogonal polygon with
|P | = n. Then χ(P, π2 ) = 1.
Proof. To prove our result, we will show how to illuminate P with a set of π2 -floodlights in such a way
that no point in P is illuminated by two π2 -floodlights.
Place π2 -floodlights on P using the following algorithm:
1. Place a π2 -floodlight f on the right vertex of a top
edge of P with 3π/2 orientation, and let P 0 be the
area illuminated by this floodlight. Observe that
since we are considering orthogonal visibility, P 0
is an orthogonal polygon.
2. Suppose P 0 6= P , otherwise we are done. Then
recursively place a π2 -floodlight on the right ver34
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tex of every bottom window of P 0 with 3π/2 orientation, increasing the illuminated area P 0 .
3. Continue this process recursively until P 0 has no
more bottom windows. If P 0 = P we are done.
4. Suppose that P 0 6= P . Recursively proceed as follows: Each orthogonal subpolygon P 00 of P − P 0
has one or two edges containing windows of P 0 .
In the first case, we proceed as follows: Suppose
that P 00 has a left edge e containing a right window of P 0 . Rotate P 00 until e becomes a top edge,
and repeat the process above starting at the right
vertex of e. Proceed in a similar way with the top
and the left windows of P 0 . In the second case,
these two edges are incident to a vertex v of P 00 .
Rotate P 00 until v becomes part of a top edge,
and restart the process at v from step one.
Observe that every floodlight placed in steps 1 and
3 is placed with 3π/2 orientation on a bottom window,
illuminating an area that is below P 0 , not illuminated
by f . Therefore no point in P 0 is illuminated by two
floodlights. By the same reason, it is easy to see that
no point in P is illuminated by two floodlights placed
during the execution of Steps 2 and 3.
Using the same arguments we can see that in Step
4, when we illuminate the connected components of
P −P 0 no point in P is illuminated by two floodlights.
Clearly at the end of our procedure the whole of P is
illuminated.


in B. Observe that while illuminating the polygons in
P, some of the light used to illuminate them will "spill
out" and illuminate all of the exterior of B except for
four "quadrants" with apices at B. These quadrants
can be illuminated with a π2 -floodlight placed at their
apices, see Figure 1. Our result follows, as no point is
illuminated by two π2 -floodlights.

Theorems 1 and 2 imply the following theorem:
Theorem 3 Let P be an orthogonal polygon with
|P | = n. Then χ(P ∪ ext(P ), π2 ) = 1.
Theorem 4 Let P be an orthogonal polygon with
|P | = n and h holes. Then 2 ≤ χ(P, π2 ) ≤ h + 1.
Proof. Consider the set of lines L = {l1 , l2 , . . . , lk }
parallel to the x-axis that contain the lowest bottom
edges of the holes of P , labelled in such a way that
if i < j the y-coordinate yi of li is less than the ycoordinate yj of lj . Let l0 be a lowest bottom edge
of P and lk+1 a topmost edge of P . Then, for each
0 ≤ i < k, the set of points of P whose y coordinate
belongs to the interval [yi , yi+1 ] forms a set Pi of subpolygons of P . For each i = 0, . . . , k use Theorem 1
to illuminate all the subpolygons of Pi with color i,
this can be done since all the elements in each Pi are
pairwise independent. Since k ≤ h, we use at most
h+1 colors to illuminate P . For the lower bound consider Figure 2. Observe that when we illuminate the
points a, b, and c either the region A or the region B,
say A, will have two zones colored with color one and
between them a third zone C not illuminated. In oder
to illuminate C a second color must be used, since the
visibility polygon of any floodlight that illuminates C
overlaps at least one of the illuminated zones of A. 
Theorems 4 and 2 imply the following theorem:

Figure 1: Illumination of the interior and exterior of
a polygon with π2 -floodlights.

Theorem 5 Let P be an orthogonal polygon with
|P | = n and h holes. Then 2 ≤ χ(P ∪ ext(P ), π2 ) ≤
h + 1.

Theorem 2 Let P be an orthogonal polygon with
|P | = n. Then χ(ext(P ), π2 ) = 1.

Theorem 6 Let P be an orthogonal polygon with
|P | = n. Then χ(P, π) = 2.

Proof. Let B be the smallest bounding box of P . Let
P = {P1 , . . . , Pk } be the set of polygons that are the
connected components of B − P . To illuminate the
exterior of P , we need to illuminate the polygons in
P as well as the exterior of B. Consider first the polygons Pi ∈ P such that one of their top edges belongs
to the boundary of B, e.g. P1 in Figure 1. Illuminate
these polygons using the algorithm in Theorem 1, and
starting by placing a floodlight on its right endpoint.
In a similar way we can illuminate the orthogonal
polygons in P containing a left, bottom, or right edge

Proof. We place π-floodlights into P using the Theorem 1 algorithm with the following changes: In steps
1 to 3 we use color one and 0 orientation on the πfloodlights placed in the initial edge and the lower
windows. In step 4 we use color two on the πfloodlights that we place in the polygons P 00 of the
recursive step, alternating between color one and color
two each time we call the recursion. An intersection between visibility polygons is generated when we
place a π-floodlight in a P 00 polygon that has two
35
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(a)

serve that each Pi as defined above is a lifting orthogonal polyhedron. We use π2 -segments to illumi0
nate it as follows: Let Pi be the orthogonal polygon
obtained by intersecting Q0i with Pi . Observe that
0
any placement of π2 -floodlights that illuminates Pi can
π
be transformed into a set of 2 -segments that illuminate Pi , each of length zi+1 − zi , and perpendicular
to the xy-plane. By Theorem 1 one such set with
χ(P, π2 ) = 1 exists. This induces a set of π2 -segments
that illuminates Pi for which χ(P, π2 ) = 1. Our result
follows.


(b)

Figure 2: (a) An orthogonal polygon P with holes
(in gray) s.t. 2 ≤ χ(P, k π2 ), k = 1, 2. This family
grows by adding holes to the polygon. (b) If points
a, b, and c are illuminated with color one, then either the region A or the region B, has at least two
illuminated zones, and between them, a not illuminated zone, which forces the use of a second color to
illuminate the polygon.

We are grateful to the anonymous referees for their
helpful suggestions.

edges that are P 0 windows, which is not a problem because they have different colors. For lack of space we
omit the proof for the lower bound of our result. 
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Abstract

In these scenarios, the environment can be modeled
by a geometric structure, represented as the union of
polygonal obstacles, or a graph structure. The former model assumes that the robots know everything
within their sight. For the latter model, the terrain
is partitioned into cells inducing a graph whose nodes
correspond to locations in the cells, and edges correspond to paths between the locations. In this paper
we consider the graph model in which the underlying graph is a tree obtained from a triangulation of a
simple polygon whose interior has to be guarded. Our
guards must then traverse the edges of the dual graph
of the triangulation which is a tree. In fact, spanning
trees have been frequently used in multi-robot coverage problems [5].

We study the algorithmic problem of optimally covering a tree T with k mobile robots. The tree is known
to all robots, a robot moves along the edges of T . The
time and cost of traveling an edge of T is unitary. Our
goal is to design a covering strategy in which every
vertex of T is visited by at least one robot. This is
achieved by asigning to each robot a walk. Two objective functions are considered: the cover time and the
cover length. The cover time is the maximum time
a robot needs to finish its assigned walk; the cover
length is the sum of the lengths of all the walks. We
also consider a variant in which the robots must rendezvous periodically at the same vertex in at most a
certain number of moves. We show that the problems
are essentially different for both cost functions. Some
variants of our problems can be solved in polynomial
time while others are NP-hard. A summary of our
results is shown in Figure 1.

OPTIMAL TREE COVERING
WITH MULTIPLE ROBOTS

MIN LENGTH

MIN TIME

RENDEZVOUS

1

Introduction

NO RENDEZVOUS
NO RENDEZVOUS

Terrain coverage is a crucial task to many robotic
applications, such as search-and-rescue, lawn mowing, surveillance by unmanned aerial vehicles ([2], [1]),
just to name a few. Evidently, coverage can be sped
up with the use of multiple robots, in which coverage path planning is performed by a set of robots.

NP-HARD

NP-HARD

RENDEZVOUS

NP-HARD

SAME SOURCE
DIFFERENT SOURCES

POLYNOMIAL

POLYNOMIAL

Figure 1: Complexity of the tree covering optimization problems.
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Choset [3] provides a survey of coverage algorithms,
which distinguishes between off-line algorithms, in
which a map of the work-area is given to the robots,
and on-line algorithms, in which no map is given. Two
variants can also be considered according to the movement cost: in the first one, called uniform, the cost
of moving a robot from a region to a neighboring one
takes unit time and, non-uniform, otherwise. In this
paper we work on the off-line/uniform-cost scenario.
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We also consider the variant in which the robots are
required to meet at most every p units of time, for
some fixed positive integer p. We assume all robot
rendezvous at the same vertex. This rendezvous version is motivated by papers such as [6].
Regarding objective functions, it is frequently desirable to minimize the time in which coverage is completed. In this case, the multi-robot coverage problem refers to computing a walk for each robot so that
the cover time is minimized. However, the energy
efficiency of the walk of a robot can also take into
account the distance it travels. Thus in this paper
we consider the cover length, that is the sum of the
lengths of the walks of all robots needed to cover the
tree. Note that these cost functions are different because in some cases, when a robot may stay put at a
vertex, the overall cover time can increase but not the
cover length.
A covering strategy is an assignment of a walk
to each robot such that every vertex is visited at
least once. We consider the following optimization problems according to the tree/off-line/uniformcost/rendezvous framework:

We assume that the robots may occupy the same
vertex of T at a given time without colliding, and
that they do not block each other. We also assume
the robots can move along the edges of T , and that
traversing an edge takes an unit of time. At any given
unit of time, a robot can traverse an edge of T , or
decide to stay put at a vertex. Finally, we assume
that all robots share an internal synchronized clock.
We represent the journey made by a robot by a
sequence W := (u1 , . . . , um ) of vertices of T where
two consecutive elements are either adjacent or equal.
When they are equal the robot did not move remaining at the same vertex. For convenience, we assume
that the robot stop at the last vertex of the sequence.
We refer to such a sequence as a walk in T .
Similarly, a path in this paper is a walk in which
each vertex is visited once. However, a robot may stay
at a given vertex for a certain time before moving to
the next vertex. We denote the set of vertices of a
tree T (respectively a walk W ) as V (T ) (respectively
V (W )).
The time of W , t(W ), is the number of steps the
robot needs to carry out the journey described by W .
Formally, it is the number of terms in W minus one.
The length of W , l(W ), is the number of times the
robot changes position.
A strategy is a tuple S := (W1 , . . . , Wk ) of k walks
on T , where Wi is the walk assigned to the i-th robot,
1 ≤ i ≤ k. We say that S is a covering strategy if
every vertex of T is in some Wi .
The time of a strategy S, t(S), is the total time it
takes for the robots to carry out the journey described
by their assigned walks. Since the robots move in
parallel we have:

• Minimum Length Covering Problem
(MLCP) Find a covering strategy of minimum
length with k robots, each starting at a possible
different position.
• Minimum Length Covering Problem with
Rendezvous (MLCPR) Given an integer p,
find a covering strategy of k robots with minimum length such that the robots are required to
rendezvous in at most p units of time. The robots
start each at a possible different position.

t(S) = max {t(Wi )}.

• Minimum
Time
Covering
Problem
(MTCP) Find a covering strategy of minimum time for k robots all starting at the same
position.

1≤i≤k

The length of a strategy S, l(S), is the sum of the
lengths of its walks. Thus,

• Minimum Time Covering Problem with
Rendezvous (MTCPR) Find a covering strategy of minimum time for k robots all starting at
the same starting position, in which the robots
rendezvous at most every p units of time, for a
given positive integer p.

l(S) =

l(Wi ).

i=1

The robots rendezvous at time i if they are all at the
same vertex at time i, that is if the i-th term of all
the walks is the same.

In the graph model, most of the optimization problems stated above are NP-hard [7]. In this paper we
show that the complexity of the above optimization
problems is essentially different for the two objective
functions, length and time. Our results are summarized in Figure 1.
2

k
X

3

Minimum Length Covering Problem (MLCP)

The next result enables us to translate the problem
of finding a minimum length strategy for T with k
robots to the problem of finding a set of k paths of T .
Observe that the set of vertices covered by the i-th
robot induce a subtree Ti of T . It is easy to see that
each edge of Ti is traversed once or twice. The edges
traversed once form a path from the initial position of
the i-th robot to its final destination. Thus we have:

Notation

Suppose we are given a tree T that has to be covered
by k identical robots modeled by moving points.
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Lemma 1 In an optimal covering strategy S :=
(W1 , . . . , Wk ) which minimizes the total length traversed by the robots, the set of edges of each Wi can
be decomposed into a path P (Wi ) and a forest F (Wi ).
The edges in P (Wi ) are traversed once, and those in
F (Wi ) twice.

For j = 0 and every vertex v in T , we set C[v, i, 0] to
be equal to twice the number of vertices in Tv [i]. Let
v be any vertex of T and let v1 , . . . , vm be its children.
Let P be a tuple of j paths achieving C[v, i, j]. Let s
be the number of paths of P that end at a vertex of
Tvi . If s = 0, then C[v, i, j] is equal to

Suppose now that S := (W1 , . . . , Wk ) is a minimum
length covering strategy for T . Let e be an edge of T .
By Lemma 1 we have the following. If e is in exactly q
of the paths P (Wi ), then it is visited exactly q times.
If e is not in one of the paths P (Wi ), then it is visited
exactly twice. Therefore, the cost of S is given by

C[v, i − 1, j] + C[vi , degree(vi ), 0].

l(S) =

k
X
i=1

l(P (Wi )) + 2 V (T ) \

k
[

V (P (Wi ))

If s > 0, then j − s paths end at Tv [i − 1]. Therefore,
we have the following formula:
C[v, i, j] = C[v, i−1, s]+C[vi , degree(vi ), j −s]+j −s.
(3)
Therefore, if the previous values have been computed, C[v, i, j] and P [v, i, j] can be computed in O(k)
time by checking over all possible values of s, and taking the minimum value.
We compute C[v, i, j] and P [v, i, j] bottom up. For
all leaves v of T and every 1 ≤ j ≤ k, we set
C[v, 0, j] = 0; we also set P [v, 0, j] to be a list of
j paths each consisting only of the vertex v. Having computed C[v, i, j] and P [v, i, j] for all vertices of
height h, we compute these values for the vertices at
height h + 1. In total this takes O(nk 2 ) time and we
have the following result.

(1)

i=1

Observe that the cost of S in Equation 1 only depends on the paths P (Wi ). Suppose that (P1 , . . . , Pk ),
is a tuple of k paths in T . Then we can construct
in O(n) time a covering strategy S = (W1 , . . . , Wk )
for T that satisfies Lemma 1 and such that for every 1 ≤ i ≤ k, P (Wi ) = Pi . In particular, this implies that to find the minimum covering strategy for T
with k robots, it is sufficient to find a tuple of k paths
(P1 , . . . , Pk ) that minimizes the following expression.
k
X
i=1

3.1

l(Pi ) + 2 V (T ) \

k
[

V (Pi )

Theorem 2 Let k be a positive integer, and let u be
a vertex of T . Then for every 1 ≤ i ≤ k, a minimum length covering strategy for T with i robots, all
starting at u, can be computed O(k 2 n) total time.

(2)

i=1

All Robots Starting at the Same Vertex

In a similar way we can prove the next result which
will be used in the next section:

First we consider the case when all robots start at the
same vertex u. For the purposes of this section we
assume that T is a tree rooted at u. By the previous
remarks, it is enough to find a tuple Q = (P1 , . . . , Pk )
of paths, all starting at u, that minimizes (2). Note
that, in particular, the fact that all the Pi start at u,
implies that every Pi ends at a leaf of T .
We show a sketch of the algorithm based on dynamic programming to find Q. Assume that the children of every vertex of T are listed in some arbitrary
order. For every vertex v of T , let Tv be the subtree
of T rooted at v. For every 1 ≤ i ≤ degree(v) − 1,
let v(i) be the i-th child of v; and let Tv [i] be the
subgraph of T consisting of the union of the subtrees
rooted at the first i children of v and the edges joining
these children with v.
We use two tables C[v, i, j] and P [v, i, j], where v
runs over all vertices of T , 1 ≤ i ≤ degree(v), and
0 ≤ j ≤ k. The table C[v, i, j] stores the minimum
cost given by (2) for Tv [i] of a tuple of j paths all starting at v. The table P [v, i, j] stores this tuple, where
each path is stored as a linked list of vertices, with
a pointer to the first vertex in the path. This representation enables us to concatenate paths in constant
time. Note that P [u, degree(u), k] is our desired Q.

Theorem 3 Let k be a positive integer and let x1 , xm
be vertices of T . We can find in O(nk 2 ) time a tuple
of k paths such that all of them start at x1 , at least j
of them end at xm , and minimize (2).
3.2

Robots starting at different vertices

We first consider the case in which each robot starts
at one of two given vertices. Suppose that in an optimal covering strategy for T , a robot starts at x1 and
eventually visits the node xi+1 . Let x1 W1 xi xi+1 W2
be the walk made by this robot. Suppose that in
such an optimal covering strategy for T another robot
starts at xm and eventually visits the node xi . Let
xm W10 xi+1 xi W20 be the walk made by this robot. If
we replace the walk of the first robot with x1 W1 xi W20
and the walk of the second robot with xm W10 xi+1 W2 ,
we obtain an exploring strategy of smaller length; this
is a contradiction. Therefore, every edge (xi , xi+1 ) is
only traversed by robots in one direction. We exploit
this property in our algorithms. Generalizing the dynamic programming approach used when all robots
start at the same vertex, we can prove:
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5

Theorem 4 Let k be a positive integer and let u, v
be two vertices of T . We can find in O(nk 3 ) time a
tuple of k paths such that s of them start at u, t paths
start at v, s + t = k, and they minimize (2).

The problem of computing a Minimum Time Covering Strategy is NP-hard, regardless if periodic rendezvous is required. The corresponding decision problem (Time Covering Strategy, TCS) is as follows:

Theorem 4 is used to prove that the general problem
can also be solved with dynamic programming, as well
as the main result in this section:

Problem 8 (TCS) Let T be a tree, with k robots at
given starting positions. Let t be a positive integer.
We want to know if there exists a covering strategy S
for T with these robots so that t(S) is at most t.

Theorem 5 A minimum length covering strategy for
T , with k robots at arbitrary starting positions, can
be computed in O(k 3 n + 2k k k+1 ) time.
4

Minimum Time Covering Problem (MTCP)

The TCS problem can also be shown to be NPComplete by a reduction from 3-PARTITION.

Minimum Length Covering Problem with Rendezvous (MLCPR)

Theorem 9 The TCS Problem is NP-complete.

In this section we study the following problem:
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Abstract
Consider a set of robots traveling on a given configuration of closed trajectories. Two robots are neighboring if their trajectories are within communication
range at their nearest points. Two neighboring robots
are synchronized if they can exchange information
by periodically being within communication range of
each other. A system is synchronized if there exists a
schedule on the movement of robots such that all the
neighboring robots are synchronized. In this work we
present the uncovering-resilience, a robustness measure that describes the tolerance of a synchronized
system to maintain the covering of all trajectories.
1
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Figure 1: Synchronized system of robots on circular
trajectories. The communication graph is a cycle.

Introduction

In recent papers [2, 3] the following scenario is considered: n mobile robots perform a task in a cooperative
way while each of them periodically travels along a
predetermined closed trajectory (the trajectories are
pairwise disjoint). The range of the communication
interfaces of the robots is very small compared with
the workspace. Thus two robots can establish a communication link between them and exchange information only if they are close enough to each other. There
exists a potential link between two trajectories C and
C 0 if there are points p and q in C and C 0 respectively,
such that the distance from p to q is lower than the
communication range, so, if there are two robots in C
and C 0 at positions p and q respectively, at the same
time, they can exchange information. Accordingly, a
graph of potential links is induced from the geometry
of the trajectories and the communication range, i.e.,
trajectories as nodes and links as edges. Two trajectories are neighboring if they are adjacent in the
graph of potential links. Two robots are neighbors if
they are in neighboring trajectories. Two neighboring

robots are synchronized if they can exchange information by periodically being within communication
range of each other. Given the geometry of the trajectories and the communication range of the robots, the
synchronization problem is to schedule the movement
of robots along trajectories such that the number of
synchronized pairs of neighbors is maximized. Figure 1 shows a system where every pair of neighboring
robots are synchronized while they are moving in the
same direction at the same constant speed along congruent circular trajectories.1 [2, 3] also address how
to reduce the detrimental effect on global performance
of a synchronized system caused by the departure of
one or more robots during a mission. A robot may
abandon the system to refuel or due to some technical failure. In these cases the following strategy is
proposed. Let us suppose that every robot knows the
geometry of all trajectories and the schedule in every trajectory. Let l be a potential link between two
neighboring trajectories C and C 0 such that there is
a scheduled meeting at l every t units of time. If a
robot u in C is arriving at l at a meeting time and the
communication interface of u detects no neighboring

∗ This

research has received funding from the projects
GALGO (Spanish Ministry of Economy and Competitiveness,
MTM2016-76272-R AEI/FEDER,UE) and CONNECT (EUH2020/MSCA under grant agreement 2016-734922).
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1 In practice, the trajectories need not be congruent provide
they are not too different in length and a suitable range of
speeds is available to the robots.
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and the link position of Cj with respect to Ci .

C2

u1
C4

C3

(c)

C4

u1

C3

speed along the circles. The graph of potential links
of T is the geometric graph G (T ) = (V, E ) whose
nodes are the centers of the circles in T and whose
edges are the pairs of circles centers at distance 2 + 
or less. The edge that connects a pair of adjacent
trajectories Ci and Cj in G (T ) is denoted by {i, j}.
Assume w.l.o.g. that a trajectory can be covered by a
robot in one time unit. A pair of synchronized robots
in this scenario can exchange information every time
unit. If the number of synchronized pairs of neighboring robots is |E | then it is said that the system is
fully synchronized.
In the following analysis, we denote the position of
a point in a circle by the angle measured from the
positive horizontal axis. Let Ci and Cj be two neighboring trajectories in the graph of potential links. The
link position of Ci with respect to Cj , denoted by φij ,
is the point of Ci closest to Cj . Note that if φij is defined, so is φji , and φij = π + φji , see Figure 3. Since
the robots are moving with constant speed 2π per
time unit, in order to compute the position of a robot
in a trajectory at any time, it suffices to known the
starting position and assigned movement direction in
the trajectory. The following results give us the characterization of fully synchronized systems when: (i)
all the trajectories have assigned the same movement
direction and (ii) every pair of neighboring trajectories have opposite movement directions.

(d)

Figure 2: When the robots represented by non-solid
points leave the system then the surviving robots,
solid points, follow the paths drawn with bold solid
stroke. The trajectory sections in dotted stroke in (d)
are no longer visited.
robot in l, then we can assume that there is no robot
in C 0 . In this case, in order to collaborate in the performance of the subtask in C 0 (which is paused in that
moment), the robot u leaves C and shifts to C 0 . This
approach is referred as the shifting strategy.
In many cases, the shifting strategy maintains the
communication between the active members of the
system while all trajectories are covered. However,
in other cases there are trajectory sections or even
whole trajectories that are no longer visited after a
set of robots leaves the system. Figure 2 shows a
synchronized system where every pair of neighboring
trajectories have assigned opposite movement directions. Note that the departure of the robots represented by non-solid points causes some trajectory sections to be no longer visited by the remaining robots.
We say that these trajectory sections are uncovered
and we define the uncovering-resilience as the minimum number of robots whose removal may result in
at least one uncovered trajectory section. The main
subject of this work is to study the problem of computing the uncovering-resilience of a synchronized system. Before that, we formally introduce the concept
of synchronization as well as the necessary conditions
to ensure that a system is synchronized.
2

Theorem 1 Let G (T ) = (V, E ) be the graph of potential links on a set of trajectories T where all trajectories have the same movement direction. The system
can be fully synchronized if and only if G is bipartite. Moreover, the condition αi = π + αj for every
{i, j} ∈ E ensures synchronization of the team.
For neighboring robots moving in opposite directions, we need additional notation. Let {i, j} be an
edge in E and lij be the supporting line of the edge
{i, j}. We denote by βij the angle of the line lij measured CCW from the positive horizontal axis.

Synchronized communication systems

In the rest of this note we consider the simple model
introduced by the authors of [3]. However, all the
results can be extended to general closed trajectories using the same arguments of [2, 3]. Let T =
{C1 , C2 , . . . , Cn } be a set of pairwise disjoint unit radius circles (trajectories). Let  < 0.5 be the communication range of each robot in a team of n robots, one
per trajectory. The robots move at the same constant

Theorem 2 Let G (T ) = (V, E ) be the graph of potential links on a set of trajectories T . Suppose that
G (T ) is bipartite and that every pair of neighboring
trajectories have opposite movement directions. Then
the system is fully synchronized if and only if all even
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cycles hCi1 , Ci2 , . . . , Ci2k , Ci1 i in G (T ) satisfy:
βi1 i2 −βi2 i3 +βi3 i4 −βi4 i5 +· · ·+βi2k−1 i2k −βi2k i1 = 2mπ
with m ∈ N.
In both cases ((i) and (ii)), when the system can
not be fully synchronized, we can use a synchronizable
connected subgraph G (T ). Notice the every spanning tree of G (T ) is synchronizable. We call communication graph to a such subgraph.

(a)

Definition 3 Let T = {C1 , . . . , Cn } be a set of trajectories and let G be a synchronizable connected subgraph of G (T ). A synchronized communication system (SCS) with communication graph G is a team of
n robots, one per trajectory, such that every pair of
neighboring trajectories in G have opposite movement
directions and every pair of neighboring robots in G
are synchronized. An m-partial SCS, 0 < m ≤ n, is a
synchronized communication system in which n − m
robots have left the team and the m remaining robots
apply the shifting strategy.

(c)

Figure 4: SCS trajectories are partitioned into rings.
(a) two rings; (b) one ring; (c) three rings.

of trajectories and has a direction of travel determined
by the movement in the participating trajectories.

Note that an SCS is a type of partial SCS where
no robots have left. Thus, any claims about partial
SCSs holds for SCSs as well.
3

(b)

As suggested by the examples in Figure 4, the
lengths of rings in a system varies from ring to ring.
In discussing the length of a ring, it is convenient to
ignore the effect on distance arising from shifting between neighboring trajectories and we assume neighboring circular trajectories are tangent to each other.

The uncovering-resilience of an SCS

Definition 4 (Uncovered trajectory section)
In an m-partial SCS, we say that a trajectory section
is uncovered if it is no longer visited by any surviving
robot.

Definition 8 (Length of a ring) The length of a
ring is defined as the sum of the lengths of trajectory
arcs forming the ring.

Definition 5 (Uncovering-resilience) The
uncovering-resilience of an SCS is the minimum
number of robots whose removal may cause that at
least one trajectory section is uncovered.

Lemma 9 The length of every ring in an SCS is in
2πN.

Note that higher resilience values correspond to increased fault tolerance. The problem we focus on is:
Given an SCS, determine its uncovering-resilience.
The following concept introduced in [1] is crucial to
address our problem:

Lemma 10 In an m-partial SCS the number of
robots in a given ring remains invariant; if the length
of the ring is 2lπ then it has at most l robots. Furthermore, in an SCS where no robots have left the
system, a ring of length 2lπ has exactly l robots, each
at distance 2π from the next.

Definition 6 (Ring) Let T = {C1 , . . . , Cn } be a set
of trajectories. A ring in an SCS with communication graph G, is the locus of points visited by a robot
following the assigned movement direction in each trajectory and always shifting to the neighboring trajectory (in G) at the corresponding link positions.

We say that the position p − δ is δ units behind p.
Note that δ could be greater than the length of the
ring r. In this case, the positions p + δ and p − δ are
reached after one or more round trips in the ring.
Lemma 11 Let p be a point in a ring r in an mpartial SCS and let t > 0 be a real number. If there is
a robot at p at some time, then after time t there will
be a robot, not necessarily the same, at point p + 2tπ
of r. Also, t units of time earlier there was a robot,
not necessarily the same, at point p − 2tπ of r.

Figure 4 shows various SCSs with different numbers
of rings. The following technical results are useful.
Remark 7 Each point in a trajectory belongs to a
single ring, so, the rings in an SCS are pairwise disjoint. Each ring is a closed path composed of sections
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3.1

Computing the uncovering-resilience

approximated by a rectangle, then this rectangle is
divided into cells by columns and rows, and a robot
is assigned to each cell.

Lemmas 11, 10 and Remark 7 lead us to the following
theorem.

1

Theorem 12 Let r be a ring in an m-partial SCS.
A trajectory section of r is uncovered if and only if r
does not contain surviving robots.

3

4

1

2

Corollary 13 Let k be the number of rings in an
SCS. Let 2l1 π, 2l2 π, . . . , 2lk π be the lengths of the k
rings. The uncovering-resilience of the system is the
minimum of {l1 , l2 , . . . , lk }.

3

This result suggests a simple algorithm to compute
the uncovering-resilience of an SCS by determining
the rings in the system and their lengths. To do that,
it is sufficient to follow the movement of a robot that
always shifts to a neighboring trajectory at the link
positions until reach the starting point. In this way,
the length of a detected ring is the sum of the lengths
of the traversed arcs. When a ring is detected (by going back to the starting point), then we choose a non
visited trajectory arc in order to detect another ring
and so on. If there are no more non-visited trajectory
arcs then we are done. Clearly, the complexity of this
algorithm is O(|E|) where E is the set of edges in G.
Taking into account that the communication graph
is planar then this algorithm has running time O(n)
where n is the number of trajectories.
If the communication graph of an SCS is a cycle then there are exactly two rings (Lemma 13 of
[1]). Therefore, using Corollary 13 we deduce that
the value of uncovering-resilience is the minimum of
l1 and l2 where 2l1 π and 2l2 π are the lengths of the
two rings in the system. If the communication graph
is a tree, it is easy to see that there is a single ring
and thus its uncovering-resilience is n, where n is the
number of trajectories.
3.2

2

Figure 5: A 3 × 4 grid SCS.
In a grid SCS we say that a ring hits the top wall
of the grid if the ring passes through the top section
of a circle in the first row. Analogously we can define
when a ring hits the left, bottom or right wall of the
ring. See Figure 5.
Lemma 14 An M × M grid SCS has M rings with
length 2M π and each ring hits the four walls exactly
once.
The following result is the key of this subsection.
Theorem 15 An M × N grid SCS has gcd(M, N )
(greatest common divisor of M and N ) rings of the
same length, and all of them have the same number
of hitting points in each wall.
Theorem 16 The uncovering-resilience of an M × N
grid SCS is:
M ·N
.
gcd(M, N )
References
[1] S. Bereg, L.E. Caraballo, J.M. Dı́az-Báñez, and
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Abstract
The term melodic template or skeleton refers to a basic melody which undergoes variation during a music
performance. In this work, we introduce a new geometric problem to approximate a melodic template
for a set of labeled performance transcriptions corresponding to an specific style in oral music traditions.
Introduction
The ancient Greek mathematicians laid down the basis for modern musical theory. Music and mathematics have gone hand in hand ever since, in both, analysis and synthesis. The study of music often yields
problems of interest to mathematicians. In particular, several geometrical problems have been explored
in the context of rhythmic pattern [7] and melody
analysis [8]. The computational analysis of flamenco
melodies has algorithmic challenges because of its
high degree of ornamentation and improvisation [1].
This paper addresses a new geometric problem motivated by Music Information Retrieval (MIR). The
term melodic template refers to a basic melody which
undergoes variation, i.e. in the form of ornamentation, during a music performance. A variety of MIR
systems aim to identify a given performance, among
them query-by-humming [2] or content-based melody
retrieval [5]. Usually, it is assumed that a melodic
template exists in form of a musical score. However, in
oral music traditions and other improvisational styles,
scores are often not available and rare manual transcriptions refer to a particular performance and not
the base melody. In this case, auto-tagging problems
are usually solved by comparing an unknown performance to a large database of labeled instances and
assigning a tag based on its most similar items, by
using for example its k nearest neighbors (Figure 1

Figure 1: Overview of the melody classification problem: (a) standard kNN-based approach; (b) templatebased approach.
(a)). This approach has been studied in the context
of flamenco style detection [1] and tune family recognition in Dutch folk music [9].
In order to avoid the computationally expensive
pair-wise comparisons with the entire database at run
time, we present a template-based approach (Figure
1 (b)): First, we select a reference track and apply a temporal alignment algorithm to compensate
rhythmic deviations among performances. At the
core of our work, we propose a geometric algorithm
to approximate a melodic template for each set of
labeled performance transcriptions. Assuming that
each estimated curve is representative for the underlying melodic contour, unlabeled melodies are classified
based on their similarity to templates.

∗ This research has received funding from the projects
COFLA2 (Junta de Andalucı́a, P12-TIC-1362), GALGO
(Spanish Ministry of Economy and Competitiveness,
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Preprocessing

In the scope of this study, we analyse a corpus of
39 flamenco commercial recordings belonging to 4
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The Spanning Tube Problem (STP): Let a, b ∈
R, with a < b; let n, m, p ∈ Z+ ; and for i = 1, · · · , n,
let fi : [a, b] → R be a piecewise linear function with
at most m links. Given p ≤ n, find minimum ∗ >
0 such that there exists a continuous function f ∗ (x)
fulfilling that, for each x ∈ [a, b] the vertical segment
of length 2∗ centered at (x, f ∗ (x)) intersects at least
p functions.

variants of the fandango de Huelva style. All interpretations of a variant are characterised by a common melodic skeleton which is subject to ornamentation and variation during performance. An automatic
transcription tool [3] was used to extract a note representation of the singing voice melody and transcription errors were subsequently corrected by flamenco
experts. Each transcription is converted to a point
set representation A = {a1 , a2 , .., am } where a note
ai = {(xi , pi )} is characterised by its onset time relative to the last note onset, xi ∈ [0, 1], and its MIDI
pitch value, pi .
Given n transcriptions of a variant, we select one
transcription Aref as a temporal reference to which
align all remaining transcriptions. This is realised
with the Needleman-Wunsch algorithm [4] which finds
an optimal matching with gaps among two sequences.
We use linear interpolation to assign an onset time
for notes which have not been matched in the procedure. Figure 2 shows an example of five transcriptions
before and after the temporal alignment.

pitch (MIDI)

68
66

A
ref
A1

64

A
2
A

62

A4
A5

Definition 2 Let fup (x) be the upper and flow (x)
be the lower envelope enclosing the n functions and
f (x)+f
(x)
fmean (x) = up 2 low .
f

Remark 3 For n = p, ∗ = max up
f (x)+f
(x)
f ∗ (x) = up 2 low
for x ∈ [a, b] .

Theorem 4 The decision problem for (STP) can be
solved in O(n2 m log n) time.
Based on the above result, we can apply bisection
for computing an approximate solution. However, if
we dispose of a discrete set of candidate values for ∗ ,
an exact solution can be found.
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We have the following result for a particular case:
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Lemma 5 Set n = 3, p = 2 and let ∗ be the optimal
value for the optimization problem. Then the value
of 2∗ is one of these values:

time (rel. to last onset)
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The following result can be obtained by using a leftto-right linear sweeping:
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• a local minimum value of fup − flow .
Figure 2: Five performance transcriptions before
(top) and after (bottom) temporal alignment.

2

Theorem 6 The optimization problem for n = 3 and
p = 2 can be solved in O(m) time.
Remark 7 Note that Theorem 6 improves the complexity obtained in Theorem 10 for n = 3.

The geometrical problem

Definition 8 We define a vertex of a piecewise linear
function as a vertex-point and an intersection between
two functions as an intersection-point.

In order to estimate a melodic template, we now aim
to find a continuous function which represents a set of
n temporally aligned performance transcriptions. We
consider that the data under study may contain local
outliers. Furthermore, our goal is to quantitatively
assess the amount of melodic variation which occurs
across performances. These objectives and considerations give rise to the geometrical problem addressed
below.

The following lemma gives us the candidate values
for the optimization problem (STP):
Lemma 9 For n > 2 and 1 < p < n, let ∗ be the
optimal value for the optimization problem. Then,
2∗ is equal to one of the values given by:
• the vertical distance between a vertex- (Figure 3
(a)) or an intersection-point (Figure 3 (b)) and
its (p − 1) or p-nearest function.

Definition 1 Given a function f (x) with domain
[a, b], we define the -tube of f , T (f, ), as the locus
of points (x, y) s.t. (x, y) ∈ [a, b] × [f (x) − , f (x) + ].
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matically classifying the set of 39 flamenco recordings described in section 1 into four sub-style classes
and compare to a baseline method based on pair-wise
comparison with all database instances.
3.1.1

Given that the estimated template f ∗ is extremely
detailed due to the high density of cross and vertex
events compared to the note onset rate, we first resample both, normalized melodic contours and templates,
at 100 points in the interval [0, 1] using linear interpolation. In order to account for transposition, we
subtract the mean value from all representation. We
then compute the dynamic time warping (DTW) distance [6] as a similarity measure between an unlabeled
melody and the templates. The label is assigned according to the ground truth label of the template for
which the lowest distance was computed. The experiment is conducted in a leave-one-out cross-validation
so that an unlabeled melody does not participate in
the template construction.
We compare the results of the proposed system (P),
to the baseline approach (BL), described in [9]: An
unlabeled melody is compared to all labeled instances
in the database. The matching score of the pair-wise
comparison is computed using the NW-algorithm [4].
The label is assigned based on the majority of labels
of the k nearest neighbors, where k = 6. The accuracy
acc is computed as the fraction of correctly classified
instances. The system parameter p is expressed as
the fraction of instances Np involved in the process of
computing the template.
The results (1) indicate that, when setting p equal
to 30% of the number of functions N, the proposed
model-based approach obtains the same classification
accuracy as the baseline method.

Figure 3: Two scenarios for determining the candidate
values: (a) 2∗ corresponds to the distance between a
node of a function fi and the value of another function
fj at the same time instance; (b) 2∗ corresponds to
the distance between the intersection of two functions
fi and fk and the value of other fj at the same time.
Proof. (Sketch) Let ∗ be the minimum value such
that there exists a continuous function f ∗ (x) such that
∀x ∈ [a, b] there are at least p functions in T (f ∗ , ∗ ).
Then, there are two functions fi and fj in T (f ∗ , ∗ )
and x0 ∈ [a, b] such that fi (x0 ) = f ∗ (x0 ) + ∗ and
fj (x0 ) = f ∗ (x0 ) − ∗ . Otherwise, we can decrease
the width of the tube contradicting optimality. It
is easy to prove that the intersection points between
the functions fi and fj and the boundary of the tube
must have the same abscissa. There are three cases:
the point u = (x0 , fi (x0 )) is a vertex-point, a crossing
point, or none of the above. Analogously for v =
(x0 , fj (x0 )).
Suppose that u and v are neither a vertex nor a
crossing point. In both cases, the width of the tube
can be slightly decreased maintaining continuity. This
fact contradicts the optimality condition. Consider
now the case in which u is a vertex-point of f (x)
(w.l.o.g. u lies on the top boundary). This case is
critical because a decrease in width supposes the loss
of one of the p functions included in the tube. There
are two possibilities that give rise to the two cases
in the statement. Finally, the case in which u is a
intersection-point can be easily reduced to the vertexpoint type.


Table 1: Experimental evaluation of the proposed (P)
system in a melody classification task compared to the
baseline method (BL) described in [9].
system
acc
BL
0.92
PR ( Np = 0.2) 0.90
PR ( Np = 0.3) 0.92
PR ( Np = 0.4) 0.90
PR ( Np = 0.5) 0.90
PR ( Np = 0.6) 0.87

Theorem 10 For n > 2 and p > 1, the optimization
problem can be solved in O(n2 m log n log nm) time.
Proof. The steps of the algorithm are: (I) Compute
the candidate values; (II) Sort the candidates and
(III) Perform binary search using the decision algorithm. Step (I) can be done in O(n2 m log n) time,
Step (II) requires O(n2 m log nm) time and Step (III)
in O(n2 m log n log nm) time.


3.2
3
3.1

Experimental setup

Experimental evaluation

Quantifying melodic variation

We furthermore use the proposed system to quantify the amount of melodic variation the skeleton is
subjected to during performance and compare across
styles. From a music theoretic standpoint we know
that among the four styles under study, the Fandangos

Melody classification

We investigate the accuracy of the proposed modelbased method for different values of p when auto47
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de Calaña and the Fandangos de Valverde are close
to their folkloric origin and performers tend to largely
preserve the melodic skeleton during performance. In
the Fandangos Valientes de Huelva and the Fandangos Valientes de Alosno on the other hand, performers
tend to use heavy melodic ornamentation as an artistic asset, resulting in a more distorted skeleton.

3.2.1

Table 2: Fraction of performances enclosed by the
tube (epsilon = 3.0) for different styles.
p
Style
N
Fandango de Calaña
0.8
0.5
Fandango de Valverde
Fandango Valiente de Alosno 0.3
Fandango Valiente de Huelva 0.1
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Abstract

of v. Following [12], for brevity we will refer to an
upward straight-line embedding simply as an UPSE.
Binucci et al. [4] presented several interesting statements on which digraphs admit an UPSE on a given
point set. Among other results, they proved that even
if the point set S is in convex position, then there exist
digraphs on |S| vertices whose underlying undirected
graphs are trees, and do not have an UPSE into S.
On the other hand, they proved that if the underlying
undirected graph is a path on |S| vertices (and S is in
convex position), then an UPSE into S always exists.
This last result was refined by Angelini et al. in [3],
where (among other results) this was extended to the
case in which the underlying undirected graph is a
caterpillar.
In this work we focus on the case in which G is
an oriented path, that is, the underlying unoriented
graph of G is a path. A switch in an oriented path is
a vertex that is either a source or a sink. Note that
the first and last vertices are always switches.
It is easy to show that if an oriented path on n
vertices has at most three switches, then it admits
an UPSE into every n-point set in general position.
Along these lines, in [3] some results are given about
oriented paths with a small number of switches. For
instance, it is proved that if an oriented path P on
n vertices has five switches, and at least two of the
monotone paths composing P are single edges, then
P admits an UPSE into every n-point set in general
position.

We investigate upward straight-line embeddings (UPSEs) of oriented paths. Along the lines of similar results in the literature, we find a condition —related to
the number of vertices in between sources and sinks of
an oriented path— that guarantees that an oriented
path satisfying the condition on n vertices admits an
UPSE into any n-point set in general position. We
also show that the following holds for every ε > 0. If
S is a set of n points chosen uniformly at random in
the unit square, and P is an oriented path on at most
(1/3 − ε)n vertices, then with high probability P has
an UPSE into S.
Introduction
A straight-line embedding of a graph G into a point set
S in the plane is an embedding of G in which each vertex is mapped to a point in S, each edge is mapped to
the straight-line segment between its endpoints, and
no two edges cross each other.
The question of deciding whether a given graph admits a straight-line embedding into a given point set
S is an important problem in computational geometry [5, 6, 7, 8, 9, 10, 11]. In one variant of this problem, G is a directed graph (or digraph, for short), and
the question is if G has an upward straight-line embedding on S, that is, a straight-line embedding of G
→ of G,
into S such that, for each (directed) edge −
uv
the y-coordinate of u is smaller than the y-coordinate
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1

Our results

We present a condition, also related to switches, that
guarantees that an oriented path on n vertices admits
an UPSE into every n-point set in general position.
Let P be an oriented path, and let P1 , P2 , . . . , Pr be
the decomposition of P into maximal monotone paths.
That is, for i = 1, 2, . . . , r, Pi is an oriented path none
of whose internal vertices is a switch, and is maximal
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vertices are points in S, and for each i ∈ {1, . . . , k},
σi = + (respectively, σi = −) if and only if the ycoordinate of qi is smaller (respectively, greater) than
the y-coordinate of qi+1 .
The following is an immediate consequence of these
definitions.

with respect to this property, and P is the concatenation P1 P2 . . . Pr . We call P1 , P2 , . . . , Pr the canonical
decomposition of P . If P is a path, then we let |P |
denote the number of edges of P .
Theorem 1 Let P be an oriented path with n vertices, and let P1 , P2 , . . . , Pr be the canonical decomposition of P . Let
P S be any n-point set in general position. If |Pi | ≥ j>i |Pj | for every i = 1, 2, . . . , r − 1,
then P admits an UPSE into S.

Observation 3 Let P be an oriented path, and let
S be a point set in general position. Then P admits
an UPSE on S if and only if σ(P ) is realizable on S.

Another result given in [3] is that every oriented
path on n vertices with at most k switches admits
an UPSE into every point set in general position
with n2k−2 points. This was later improved (for
k > Ω(log n)) by Mchedlidze in [12], who proved that
if P is an oriented path on n vertices, and S is any
set of (n − 1)2 + 1 points in general position, then P
admits an UPSE into S.
Our next statement is along the lines of this last
result by Mchedlidze, in the sense that we consider
the question of whether a given oriented path admits
an UPSE into a point set in general position, whose
cardinality may be greater than the number of vertices
in the path. We show that the quadratic bound in [12]
can be improved (with high probability) to a linear
bound, if S is a random point set in the unit square.

This observation allows us to write Theorems 1
and 2 in terms of signatures. For Theorem 1, we need
a corresponding notion, for signatures, of the canonical decomposition of an oriented path.
Given a signature σ, define τi (σ) as the ith run
of either +’s or −’s, so that σ = τ1 τ2 . . . τr , where
r is the number of runs. We say that τ1 τ2 . . . τr is
the canonical decomposition of σ. For example, for
σ = (+ + + − −+), τ1 (σ) = (+ + +), τ2 (σ) = (−−)
and τ3 (σ) = (+).
We now state Theorems 1 and 2 in terms of signatures. The fact that Theorems 4 and 5 are equivalent
to Theorems 1 and 2 follows immediately from Observation 3.
Theorem 4 (Implies Theorem 1) Let τ be a signature of size n − 1, for some integer n ≥ 2, and let
τ1 τ2 . . . τr be its canonical decomposition. Let
P S be
any n-point set in general position. If |τi | ≥ j>i |τj |
for every i ∈ {1, . . . , r − 1}, then τ is realizable on S.

Theorem 2 Let ε > 0, and let n be an integer. Let
P be an oriented path on at most (1/3 − ε)n vertices.
If S is a random set of n points in the unit square,
then w.h.p. (with high probability) P has an UPSE
into S.

Theorem 5 (Implies Theorem 2) Let ε > 0, and
let n be an integer. Let τ be any signature of size at
most (1/3 − ε)n. If S is a random set of n points in
the unit square, then w.h.p. τ is realizable on S.

In order to prove Theorems 1 and 2 we now introduce the concept of a signature, which encodes an
oriented path into a binary sequence.
2

3

Signatures

Proof of Theorem 4

We proceed by induction on r.
We restrict ourselves to paths P = (p1 , . . . , pn ) such
that p1 is in the boundary of the convex hull and no
edge pi pi+1 (the straight segment joining pi and pi+1 )
intersects the interior of the convex hull of {pj }j>i .
This guarantees that P does not self-intersect.

For the proofs of Theorems 1 and 2 it is convenient
to record the orientations of the edges in an oriented
path in a binary sequence. A signature is a sequence
σ = σ1 σ2 · · · σk in {+, −}k , for some positive integer
k. The integer k is the size of σ.
Now let P be an oriented path, and let p1 , p2 , . . . , pn
be the vertices of P in the order in which they appear
in the underlying oriented path of P . We define σ(P )
as the signature obtained from P as follows. If for
i ∈ {1, . . . , n − 1} the edge in P joining pi and pi+1
−−→
−−−−→
is −
p−
i pi+1 (respectively, pi+1 pi ), then the ith entry of
σ(P ) is + (respectively, −).
Evidently, any signature σ is the signature σ(P ) of
some oriented path P .
Now let S be a point set in general position, and let
σ = σ1 σ2 · · · σk be a signature. We say that σ is realizable on S if there exist a geometric (that is, straightline, noncrossing) path Q = (q1 , q2 , . . . , qk+1 ), whose

Lemma 6 Let Q be a set of points. The signature
σ = τ1 τ2 with |τ1 | > |τ2 | (with τ1 consisting of +’s)
can be realized by a path that starts in the lowest
point of Q.
Proof. Let q be the lowest point of Q, and let s(q, Q)
be the length of the shortest path from q to the highest
point in Q using only vertices and edges from the
boundary of the convex hull of Q.
Clearly s(q, Q) ≤ |Q|/2. If s(q, Q) = |τ1 | + 1, we
can just ascend using the path given by s(q, Q) and
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Sort the points of S by their x-coordinate. The
algorithm processes one point at a time in this order.
In each step we decide whether or not the current
point will ultimately belong to path P .
Suppose, without loss of generality, that σ starts
with +. Divide the unit square into horizontal thirds
and find the first point qf in the bottom third (whose
y coordinate is in [0, 1/3)). This will be the first point
of the path P .
Now we attempt to extend P . Let U be the set of
the first |τ1 (σ)| − 1 points which come after qf and
are in the middle third (whose y coordinates are in
[1/3, 2/3)). Then find the next point q` which is in
the top third. Set P to be (qf , U, q` ), where the points
of U are taken in ascending order with respect to their
y coordinates.

Figure 1: Visualization of a path from Lemma 6.
descend using the remaining points. If not, necessarily
s(q, Q) ≤ |τ1 |. Then, we define q 0 as the lowest point
of Q0 = Q \ {q}. There are two cases. If s(q 0 , Q0 ) ≤
|τ1 |, continue the path to q 0 and proceed inductively.
Otherwise, let U be the set of points in ∆(Q0 ) \ ∆(Q),
where ∆(X) ⊂ X denotes the set of points in the
boundary of the convex hull of X (see Figure 2).

Figure 2: Every point of U can be seen from q.

Figure 3: An example with |τ1 | = 6

It is easy to see that no segment qu for u ∈ U
intersects the interior of ∆(Q0 ). Choose u ∈ U for
which s(u, Q0 ) = |τ1 | and just follow the boundary
until the highest point is reached.
Once the highest point is reached using |τ1 | ascending segments, we can finish the path by descending
through the remaining points.


After this process we are in a situation where the
last point of P is in the top third, and the next part
of the signature (τ2 ) consists of −’s, which is an analogous situation to the one we started with and so we
can repeat the procedure. Note that this path cannot
self-intersect.
As we mentioned above, this algorithm may work
extremely poorly for some point sets and signatures.
For example, if all the points in the point set S have
y-coordinates less than 1/3, and σ starts with +, then
the resulting path will not have a single edge. But this
algorithm is designed for dealing with random point
sets.

Consider σ 0 constructed by flipping the signs of τr
in σ. Suppose, for example, that τr consists of −’s
and we flip them to +’s. Clearly, σ 0 satisfies the conditions in Theorem 4. By the induction hypothesis,
σ 0 can be realized in Q by a path P 0 satisfying the
above restriction. The last run of P 0 consists only
of ascending edges. Then let V be the set of points
involved in this run, and apply Lemma 6.
4

5

Realizing signatures in random point sets:
proof of Theorem 5

An algorithm to realize a prefix of a signature
In order to analyze the performance of the given algorithm for random point sets, it is convenient to think
that we first randomly select the x-coordinates, then
order these from left to right, and then randomly select the y-coordinates. This last step (of selecting
the y-coordinates) may be thought of as unveiling the
points. The key observation is that each time we unveil a point, with probability 1/3 this point will end
up being part of the final path. Indeed, at each step,

We have devised an algorithm that, given a point set
S in the unit square, and a signature σ, yields a path
P that realizes a prefix of σ. This algorithm was designed having in mind the case in which S is a random
point set; for an arbitrary S, it can give extremely
poor results. If at any point when running the algorithm we cannot continue, we stop and return the
current path P .
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It is easy to see that if τ is a signature of size n − 1,
and S is any n-point set in general position, then τ
has a subsequence of size at least (n − 1)/2 that can
be realized on S. Indeed, it suffices to consider the
maximal subsequences that consist of all +’s or all
−’s; both subsequences are trivially realizable on S,
and so it suffices to take the larger one. We have
been unable to show the existence of a (substantially)
larger subsequence of τ that can be realized on S. In
this spirit, we put forward the following weaker, and
seemingly more approachable, version of Question 8.

when we are about to unveil a point, there is an interval I ∈ {[0, 1/3), [1/3, 2/3), [2/3, 1]} such that the
point to be unveiled will be part of the final path if
and only if the y-coordinate of this point is in I.
The main ingredient in the proof of Theorem 5 is
the following lemma, which estimates the expected
size of the non-crossing path obtained from the algorithm described in the previous section, for the case
in which S is randomly generated.
Lemma 7 Let Sn be a random set of n points in
the unit square, and let σ be any signature of length
n−1. Let Prefix(Sn , σ) be the random variable that
measures the size of the largest prefix of σ that can
be realized in Sn . Then, for every ε > 0, w.h.p. (with
high probability)

Conjecture 9 There exists a constant c > 1/2 with
the following property. Let S be an n-point set in
general position, and let τ be a signature of size n − 1.
Then there exists a subsequence of τ of size at least
cn that can be realized on S.

Prefix(Sn , σ) ≥ (1/3 − ε)n.
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Abstract

convex bodies [26] (recall that a convex body is just
a compact convex set). However, Borsuk’s question
is not true in general, since Kahn and Kalai [17] discovered in 1993 a counterexample in R1325 (and also
in dimensions higher than 2014). Their brilliant construction is based on a combinatorial result by Frankl
and Wilson [9]. Successively in the last years, several authors have improved this result, with different counterexamples in spaces with smaller dimension
(see [21, 10, 25, 14, 24, 15]). The last improvements
have been made finding some appropriate finite sets
in the sphere, in dimension 65 by Bondarenko [3] (using strongly regular graphs), and in dimension 64 by
Jenrich and Brouwer [16] (with some computational
support).
We point out that several related problems have
arisen due to the study of this question, such as
the homothetic covering problem or the illumination
problem for convex bodies (see [2] and references
therein). Moreover, the restriction of this question to
a finite set of points S yields a coloring-type problem,
searching for the minimum number of colors needed
for the points, so that any two points of the same color
are at distance strictly less than the diameter of S [8].
Additionally, a recent new approach to this problem
is given in [19, §.4] by considering the Minkowski sum
of two convex bodies. In relation to this, the precise
determination of Borsuk number in some particular
situations is also an interesting matter.
On the other hand, we must mention at this point
that our initial research focused on the following optimization question (which is not Borsuk’s problem
itself): for a fixed centrally symmetric planar convex body C, and a given partition P of C into two
connected subsets C1 , C2 , we define the maximum
relative diameter of P as

In these notes we deal with a classical geometric problem by means of certain concepts from graph theory.
After giving a brief historical overview of Borsuk’s
problem (which asks for the minimum number of subsets needed for partitioning a set reducing diameter),
we compute the precise value of Borsuk number for
the family of centrally symmetric planar convex bodies, by considering the diameter graph associated with
a bounded planar set. Our main results establish a
relation between Borsuk number of a given set and
some properties of the corresponding diameter graph.
In this setting, we prove that all the sets of this family
have Borsuk number equal to 2, apart from the disk,
for which this number equals 3. On the other hand,
we also study the non-centrally symmetric case, providing some examples with Borsuk number equal to
3.
Introduction
Borsuk’s problem is a famous and classical geometric
question, posed by Borsuk in 1933 [4]. The general
statement of this problem is the following:
given a bounded set in Rn , is it possible to
divide it into n + 1 subsets of strictly smaller
diameter?
We recall that the diameter of a bounded set is the
largest distance between two points of the (boundary
of the) set. An equivalent formulation (also considered in the literature) is: let C be a bounded set in
Rn , and denote by α(C) the minimum number of subsets with strictly less diameter in which C can be decomposed (α(C) is called Borsuk number of C). Is it
true that α(C) ≤ n + 1 for any bounded set C in Rn ?
This question was answered affirmatively for n = 2
by Borsuk himself [4], by using a result by Pál regarding universal planar covers [22], and also for n = 3
by means of different techniques; see [23, 7, 11, 13].
Moreover, some partial solutions in Rn were given for
smooth convex bodies [12] and for centrally symmetric

dM (P ) = max{D(C1 ), D(C2 )},
where D denotes the Euclidean diameter functional.
Notice that dM (P ) represents the largest distance in
the subsets of the partition P . In this setting, we are
interested in this question:
can we characterize the partitions of C providing the minimum value for dM ?
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This problem has been treated in [20, 5], obtaining
some conditions for these minimal partitions. It is im53
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portant to remark that this problem only makes sense
when there exists, at least, a partition P of C with
dM (P ) < D(C) (otherwise, the maximum relative diameter functional will be constant for all the partitions of C, with all of them being minimal). Therefore, our optimization problem is connected with Borsuk’s question, since it is uniquely meaningful for
centrally symmetric planar convex bodies with Borsuk number equal to 2 (or equivalently, for the sets
which can be partitioned into two subsets with strictly
smaller diameter). Thus, this is our interest for characterizing such sets.
Taking into account that Borsuk number of a planar
bounded set is either 2 or 3 (since Borsuk’s problem
is solved in R2 ), our main Theorem 7 herein states
that the unique centrally symmetric planar convex
body C with α(C) = 3 is the disk (being therefore the
unique set not convenient for our optimization problem involving dM ). From this, it follows that for any
centrally symmetric planar convex body C different
from a disk, we will have that α(C) = 2. The proof
of Theorem 7 is obtained by considering the diameter graph associated with a bounded planar set (see,
for instance, [6, 8]), which is necessarily bipartite in
the centrally symmetric case (Lemma 3). In the noncentrally symmetric case, these results do not hold,
and in Section 2 we give some examples with Borsuk
number equal to 3 by using Lemma 10.
1

C, and whose edges are the diameter segments. That
is,
V ={xi ∈ ∂C : ∃ yi ∈ ∂C with d(xi , yi ) = D(C)},
xi xj ∈ E if and only if d(xi , xj ) = D(C).
Lemma 2 Let C be a centrally symmetric planar
convex body. Then, any diameter segment passes
through the center of symmetry of C.
Proof. Let p be the center of symmetry of C, and
assume that x y is a diameter segment which does not
contain p. Let pe be the intersection between x y and
its perpendicular line passing through p, see Figure 2.
Note that we can assume that d(x, pe) ≥ d(y, pe). If x0
~p

x

y

p

Figure 2: A diameter segment not containing p
denotes the symmetric point of x, we shall have that
d(x, x0 ) = 2 d(x, p) > 2 d(x, pe) ≥ d(x, pe) + d(y, pe)
= d(x, y) = D(C),

which is contradictory. So x y necessarily contains p,
as stated.


Diameter graph and centrally symmetric planar
convex bodies

Lemma 3 Let C be a centrally symmetric planar
convex body. Then, the diameter graph GC associated with C is bipartite.

Throughout this section, C will denote a centrally
symmetric planar convex body, with center of symmetry p ∈ C (this means that C is invariant under
the rotation of angle π centered at p). Some sets of
this family are depicted in Figure 1.

Proof. It follows from Lemma 2 that any diameter
segment of C passes through the center of symmetry of C, which implies that each vertex in GC has
a unique incident edge, thus being a vertex of degree
one. This fact yields immediately that GC is bipartite.

Observation 4 Notice that Lemma 3 allows to decompose the vertices V of GC into two disjoint symmetric subsets. That is, V = VR ∪VB , with VR and VB
symmetric with respect to p. We can assume, without
loss of generality, that all the vertices in VR are placed
together along ∂C, with no alternation with the ones
in VB .

Figure 1: Some centrally symmetric planar convex
bodies
We shall denote by d and D the Euclidean distance
and the diameter of a set, respectively. A diameter
segment of C will be a segment between two points
x, y ∈ ∂C with d(x, y) = D(C). Taking into account
this, we can define the following graph associated with
C (notice that this definition can be done for general
compact sets).

Recall that Borsuk’s problem is solved in R2 , and so
α(C) ≤ 3 for any centrally symmetric planar convex
body C. We are interested in characterizing when the
equality case occurs, which will be deduced from the
following result.
Lemma 5 Let C be a centrally symmetric planar
convex body, and let GC = (V, E) be the diameter
graph associated with C. Then, α(C) = 2 if and only
if V 6= ∂C.

Definition 1 Let C be a planar compact set. We
define the diameter graph GC = (V, E) associated
with C as the graph whose vertices are the points in
∂C which are endpoints of the diameter segments of
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Proof. Assume first that α(C) = 2, and let {C1 , C2 }
be the partition of C with D(Ci ) < D(C), i = 1, 2.
This partition will be determined by a simple curve in
C with endpoints v1 , v2 ∈ ∂C. We claim that v1 ∈
/ V:
otherwise, its symmetric point v10 will also belong to V
(due to Lemma 2), and so D(Ci ) ≥ d(v1 , v10 ) = D(C),
where Ci is the subset containing v10 . Therefore V 6=
∂C.
Assume now that V 6= ∂C, and consider x ∈ ∂C
such that x ∈
/ V . Notice that its symmetric point x0
will have the same property, again by using Lemma 2.
The partition given by the segment x x0 satisfies that
the corresponding subsets have diameter strictly less
than D(C), since no edge of GC will be contained
in one of them (in fact, x x0 will split any diameter
segment of C), and so α(C) = 2.


Figure 3: For the truncated disk on the left, Lemma 5
gives Borsuk number equal to 2. On the other hand,
the disk has Borsuk number equal to 3
2

Non-centrally symmetric case

If we eliminate the central symmetry hypothesis, we
shall have that the associated diameter graph is not
necessarily bipartite (for instance, consider the equilateral triangle). So it is worth studying the planar
sets with Borsuk number equal to 3 in this more general setting. We have the following result, which will
provide the existence of sets (different from the disk)
with this property.

Observation 6 We remark that if the cardinality of
V is finite, then above condition is trivially satisfied
and C will have Borsuk number equal to 2.

Lemma 10 Let C be a planar convex body, and let
GC = (V, E) be the diameter graph associated with
C. If α(C) = 2, then GC is bipartite, with a decomposition V = VR ∪ VB (as in Observation 4) such that
the closures of VR and VB have empty intersection
(that is, VR ∩ VB = ∅)

We can now prove that the unique centrally symmetric planar convex body with Borsuk number equal
to 3 is the disk.
Theorem 7 Let C be a centrally symmetric planar
convex body. If α(C) = 3, then C is a disk.

Proof. As α(C) = 2, consider a partition {C1 , C2 } of
C with D(Ci ) < D(C), determined by a simple curve
in C with enpoints v1 , v2 ∈ ∂C. Then, by defining
VR = V ∩∂C1 , and VB = V ∩∂C2 , we obtain a division
of V yielding the bipartiteness of G: for any edge x y
in GC with both vertices in VR , then

Proof. Consider the diameter graph GC = (V, E) associated with C, which satisfies V = ∂C in view of
Lemma 5. Therefore, for any z ∈ ∂C, we have that
z ∈ V and so d(z, z 0 ) = D(C), where z 0 ∈ ∂C is the
symmetric point of z, which implies that d(z, p) =
1/2 D(C). Thus z ∈ ∂B(p, 1/2 D(C)), where B(q, r)
denotes the ball centered at q with radius r, and
so ∂C = ∂B(p, 1/2 D(C)), which proves the statement.


D(C1 ) ≥ d(x, y) = D(C),
which is a contradiction.
Moreover, the previous construction gives VR ∩
VB ⊆ {v1 , v2 }. Assume that v1 ∈ VR ∩ VB . Then
there exists a sequence such that

Observation 8 It is well known (and easy to check)
that the disk has Borsuk number equal to 3 [4].

{xnR }n −→ v1 , xnR ∈ VR .

Observation 9 We point out that some results analogous to Lemma 5 have been previously obtained.
Boltyanski characterized the planar sets with Borsuk
number equal to 3 by means of the uniqueness of the
corresponding completion to a constant width set [1].
However, this result is mainly theoretical and difficult
to be applied (for a given set, in general, it is not easy
to check whether it has such a unique completion or
not). On the other hand, from a more general result
by Kolodziejczyk, it can be deduced that a planar
convex body C has Borsuk number equal to 2 if and
only if there exists a line intersecting properly all the
diameter chords of C ([18, Th. 2], see also [19]). This
characterization, restricted to the centrally symmetric
case, yields our Theorem 7.

For any element xnR in that sequence, there exists
xnB ∈ VB with
d(xnR , xnB ) = D(C).

(1)

As the sequence {xnB }n is contained in ∂C, which is
compact, we can assume that {xnB }n is convergent to
a certain w ∈ ∂C. Taking now limit in (1), we get
d(v1 , w) = D(C), which implies that a subset Ci has
diameter equal to D(C), which is a contradiction. So
necessarily VR ∩ VB = ∅, as stated.

Observation 11 Previous Lemma 10 provides some
examples of planar convex bodies (different from the
disk) with Borsuk number equal to 3. For instance,
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any regular polygon with an odd number of vertices
(or any Reuleaux polygon), which does not satisfy
the necessary condition from Lemma 10. The same
happens for a certain family of pentagons obtained
by a proper variation of the regular one.

[11] B. Grünbaum, A simple proof of Borsuk’s conjecture
in three dimensions, Proc. Cambridge Philos. Soc. 53
(1955), 776–778.
[12] H. Hadwiger, Überdeckung einer Menge durch Mengen kleineren Durchmessers, Comment. Math. Helv.
18 (1945), 73-75.
[13] A. Heppes, On the partitioning of three-dimensional
point-sets into sets of smaller diameter, Magyar Tud.
Akad. Mat. Fiz. Oszt. Közl 7 (1957), 413–416.
[14] A. Hinrichs, Spherical codes and Borsuk’s conjecture,
Discrete Math. 243 (2002), 253–256.

Figure 4: Some planar convex bodies with Borsuk
number equal to 3

[15] A. Hinrichs and C. Richter, New sets with large Borsuk numbers, Discrete Math. 270 (2003), 137–147.

3

[16] T. Jenrich and A. E. Brouwer, A 64-dimensional
counterexample to Borsuk’s conjecture, Electron. J.
Combin. 21 (2014), Paper 4.29.

Conclusion

[17] J. Kahn and G. Kalai, A counterexample to Borsuk’s
conjecture, Bull. Amer. Math. Soc. 29 (1993), 60–62.

In these notes we consider a particular geometric
problem that can be easily solved by using some tools
from discrete mathematics. More precisely, the diameter graph associated with a planar bounded set
allows one to compute the Borsuk number of centrally symmetric planar convex bodies, which is always equal to 2, except for the disk. Moreover, in
the general case of planar convex bodies, we provide
different examples with Borsuk number equal to 3.

[18] D. Kolodziejczyk, Some remarks on the Borsuk conjecture, Comment. Math. Prace Mat. 28 (1988), 77–
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[19] K. Kolodziejczyk, Borsuk covering and planar sets
with unique completion, Discrete Math. 122 (1993),
235–244.
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Departamento de Matemática Aplicada II, Universidad de Sevilla, Spain
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Abstract

What is the expectation on the maximum weight sum
that can be covered with a convex set?
Uncertain models come from real scenarios in which
the big amount of data, arriving from many sources,
have inherent uncertainty. In computational geometry, we can find several recent works on uncertain
point sets, such as: the expected total length of the
minimum Euclidean spanning tree [3]; the probability
that the distance between the closest pair of points is
at least a given parameter [7]; the computation of the
most-likely convex hull [9]; the probability that the
area or perimeter of the convex hull is at least a given
parameter [8]; the center minimizing the maximum
expected distance from the points [5]; and the probability that final point set is linearly separable when
the points are colored with two colors [6].
For d = 1, the maximum weight convex set problem asks for an interval of the line. If the points
are uncertain as described above, then it is equivalent to consider as input a sequence of random numbers, where each number has two possible outcomes,
zero if the number is not present and the actual value
of the number otherwise. The output is the subsequence of consecutive numbers with maximum sum.
In this note, we consider the simpler case when the
subsequence is a partial sum, that is, it contains the
first (or leftmost) number of the sequence. More formally: We say that a random variable X is zero-value
if X = v with probability p, and X = 0 with probability 1−p, for an integer number v = v(X) 6= 0 and a
probability p. We refer to v as the value of X and to p
as the probability of X. In any sequence of zero-value
variables, all variables are assumed to be mutually independent. Let X = X1 , X2 , . . . , Xn be a sequence of
n mutually independent zero-value variables, whose
values are a1 , a2 , . . . , an , respectively. We study the
random variable

Given a finite set of weighted points in Rd (where
there can be negative weights), the maximum weight
convex set problem asks for a convex set such that
the sum of the weights of the points that it contains is maximized. We consider this problem when
each point of the input has its own and independent probability of being present in the final random point set. In this note, we show that even in
d = 1 this probabilistic problem is hard. More precisely, given a sequence X = X1 , X2 , . . . , Xn of n mutually independent random variables, where for every i ∈ [1..n] the variable Xi takes value in the set
{0, ai } for ai ∈ Z \ {0}, we study the random variable S(X ) = max{0, X1 , X1 + X2 , . . . , X1 + . . . + Xn },
which is the maximum partial sum of the random sequence X . We prove that computing Pr[S(X ) ≥ z]
for any fixed z ≥ 1, and computing the expectation E[S(X )] are both #P-hard problems. When
a1 , . . . , an ∈ [−a..b] for bounded a, b ∈ N, we show
that both Pr[S(X ) ≥ z] and E[S(X )] can be computed
in time polynomial in n, a, and b.
1

Introduction

The maximum weight convex set problem receives as
input a finite point set in Rd , where each point is associated with a positive or negative weight, and outputs a convex set such that the sum of the weights of
the points that it contains is maximized. It has been
studied, for example, for convex polygons [2] and axisaligned rectangles [1]. We consider this problem on a
recent uncertain model in which each element of the
input has assigned a probability. Particularly, each
point has assigned the probability of being present in
the final (hence random) point set. Then, one can ask
questions as the following ones: What is the probability that for the final point set there exists a convex
set covering a weight sum at least a given parameter?

S(X ) = max{0, X1 , X1 + X2 , . . . , X1 + . . . + Xn },
which is the maximum partial sum of the random sequence X .
We prove (in Section 2) that computing Pr[S(X ) ≥
z] for any fixed z ≥ 1, and computing the expectation
E[S(X )] are both #P-hard problems, even if all variables of X have the same less-than-one probability.
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Generating a polynomial number of outcomes of X ,
and computing S(·) for each of them in linear time,
can be used to estimate both values in overall polynomial time and with high probability of success. When
a1 , a2 , . . . , an ∈ [−a..b] for bounded a, b ∈ N, we show
(in Section 3) that both Pr[S(X ) ≥ z] and E[S(X )]
can be computed in time polynomial in n, a, and b.
2

and

=

=

Hardness
=

Theorem 1 For any integer z ≥ 1 and any probability ρ ∈ (0, 1), given a sequence X = X1 , X2 , . . . , Xn
of n zero-value random variables, each with probability ρ, it is #P-hard to compute the probability
Pr[S(X ) ≥ z].

=

=

=

=
=
=

ρ · Pr 

j∈JX

X

j∈JX





(m + aj ) ≥ km + t

ρ · Pr |JX | = k,




X

j∈JX

Pr |JX | = i,

ρ · Pr |JX | = k,
n
X

i=k+1



X

j∈JX



(m + aj ) ≥ km + t +

X

j∈JX



(m + aj ) ≥ km + t


aj ≥ t +

Pr[|JX | = i]

ρ · Nt · ρk · (1 − ρ)n−k +
 
n
X
n
ρ·
· ρi · (1 − ρ)n−i .
i
i=k+1

Hence, we can compute Nt in polynomial time from
the value of Pr[S(X ) ≥ z]. Consider now the random sequence X 0 = X00 , X1 , X2 , . . . , Xn , where X00
has value −km − (t + 1) + z. Using arguments similar
as above, by calling A(X 0 ) to compute Pr[S(X 0 ) ≥ z],
we can compute Nt+1 in polynomial time from this
probability. Then, Nt − Nt+1 can be computed in
polynomial time, plus the time of calling twice the
oracle A. This implies the theorem.

Theorem 2 For any probability ρ ∈ (0, 1), given a
sequence X = X1 , . . . , Xn of n zero-value random
variables, each with probability ρ, it is #P-hard to
compute the expectation E[S(X )].
Proof. Let X = X1 , X2 , . . . , Xn be any sequence of
zero-value random variables, each with probability
ρ, and consider the sequence X 0 = X0 , X1 , . . . , Xn ,
where X0 is a zero-value random variable with value
−1 and probability ρ. Let w be the sum of the positive
values among the values of X1 , . . . , Xn . Then:

Pr[S(X ) ≥ z, X0 = 0] +

Pr[S(X ) ≥ z, X0 = −km − t + z]

where,

=



ρ·

P
Furthermore, |J| > k implies j∈J (m+aj ) > km+t.
Let JX = {j ∈ [1..n] : Xj P
6= 0}, and for any s, let
Ns = |J ⊆ [1..n] : |J| = k, j∈J aj ≥ s|. Then, the
#SubsetSum problem asks for Nt −Nt+1 . Call A(X )
to compute Pr[S(X ) ≥ z]. Then note:
=

Pr[S(X ) ≥ z | X0 = −km − t + z]


X
(m + aj ) ≥ z 
ρ · Pr −km − t + z +

i=k+1

j∈J

Pr[S(X ) ≥ z]

Pr[X0 = −km − t + z] ·

n
X

Proof. Let z ≥ 1 be an integer, and ρ ∈ (0, 1) a
probability. We show a Turing reduction from the
#SubsetSum problem, which is known to be is #Pcomplete [4]. Our reduction assumes an unknown algorithm (i.e. oracle) A(X ) computing Pr[S(X ) ≥ z]
for any finite sequence X of zero-value random variables, that will be called twice. The #SubsetSum
problem receives as input a set {a1 , . . . , an } ⊂ N of n
numbers and a target t ∈ N, and
P counts the number of
subsets J ⊆ [1..n] such that j∈J aj = t. It remains
#P-hard if the subsets J to count must also satisfy
|J| = k, for given k ∈ [1..n]. Let ({a1 , . . . , an }, t, k) be
an instance of this #SubsetSum problem, in which
we assume t ≤ a1 + · · · + an .
Let m = max{z, 1 + a1 + · · · + an }, and X =
X0 , X1 , X2 , . . . , Xn be a sequence of n + 1 zero-value
random variables, each with probability ρ, where the
value of X0 is −km − t + z, and the value of Xi is
m + ai for every i ∈ [1..n]. Observe that m + ai ≥ z
for every i ∈ [1..n], and for J ⊆ [1..n] we have


X
X
(m+aj ) = km+t ⇔ 
aj = t and |J| = k  .
j∈J

Pr[S(X ) ≥ z, X0 = −km − t + z]

Pr[S(X ) ≥ z, X0 = 0]

Pr[X0 = 0] · Pr[S(X ) ≥ z | X0 = 0]

E[S(X )]

(1 − ρ) · Pr[|JX | ≥ 1]

(1 − ρ) · (1 − Pr [|JX | = 0])

=
=

(1 − ρ) · (1 − (1 − ρ)n ),

w
X

i=1
w
X
i=1
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and

=

Observe that Gt has size O(w1 (w0 +w1 )) = O(na(na+
nb)) = O(n2 a(a + b)) for every t, and that G1 can be
trivially computed. Using the dynamic programming
algorithm design paradigm, we next show how to compute the values of Gt , t ≥ 2, assuming that all values
of Gt−1 have been computed. Note that:

E[S(X 0 )]
w
X
Pr[S(X 0 ) ≥ i]
i=1

=

w
X
(Pr[S(X 0 ) ≥ i, X0 = 0] +

Pr[Mt = k, St = s]

i=1

=

=

Pr[S(X 0 ) ≥ i, X0 = −1])
w
X
(Pr[X0 = 0] · Pr[S(X 0 ) ≥ i | X0 = 0] +

Pr[Mt = k, St = s, Xt = at ],
where

i=1

=

Pr[Mt = k, St = s, Xt = 0]

Pr[X0 = −1] · Pr[S(X 0 ) ≥ i | X0 = −1])
w
X
((1 − ρ) · Pr[S(X ) ≥ i] +

=
=

i=1

=

Pr[Mt = k, St = s, Xt = at ]
=

i=1

i=2

=

=

ρ · Pr[S(X ) ≥ i]

(1 − ρ) · Pr[S(X ) ≥ 1] +

w
X
i=2

Pr[Xt = 0] · Pr[Mt = k, St = s | Xt = 0]

(1 − pt ) · Pr[Mt−1 = k, St−1 = s]

and

ρ · Pr[S(X ) ≥ i + 1])
w
X
(1 − ρ) · Pr[S(X ) ≥ i] +
w+1
X

Pr[Xt = at ] · Pr[Mt = k, St = s | Xt = at ]
pt · Pr[Mt = k, St = s | Xt = at ].

When k = s, we have for at < 0 that Pr[Mt = k, St =
s | Xt = at ] = 0, since this event indicates that St =
X1 +. . .+Xt is a maximum partial sum of X1 , . . . , Xt ,
but this cannot happen because any maximum partial
sum ends in a positive element. For at > 0 we have

Pr[S(X ) ≥ i].

Then, we have that
E[S(X )] − E[S(X 0 )] = ρ · Pr[S(X ) ≥ 1].

=

Since computing Pr[S(X ) ≥ 1] is #P-hard (Theorem 1), then computing the expectation E[S(X )] is
also #P-hard via a Turing reduction.


=

3

Pr[Mt = k, St = s | Xt = at ]
Pr[Mt−1 ≤ k, St−1 = s − at ]
k
X

i=s−at

=

Let X = X1 , X2 , . . . , Xn denote a sequence of n random zero-value variables, with values a1 , a2 , . . . , an ∈
[−a..b] ⊂ Z and probabilities p1 , p2 , . . . , pn , respectively, for some a, b ∈ N. We show in the following
that both Pr[S(X ) ≥ z] and E[S(X )] can be computed
in time polynomial in n, a, and b. Let
=

w0

=
=

aj = O(nb).

j∈[1..n]\J

=

max{0, S1 , S2 , . . . , St }, and

=

Gt

= {Pr[Mt = k, St = s] :

Pr[S(X ) = k]

k=z

w1 X
k
X

Pr[Mn = k, Sn = s]

in O(w0 (w0 +w1 )) = O(n2 a(a+b)) time, and E[S(X )]
as
w1
X
E[S(X )] =
Pr[S(X ) ≥ z]

= X1 + . . . + Xt ,

Mt

w1
X

k=z s=w0

For every t ∈ [1..n], let
St

Pr[Mt−1 = k, St−1 = s − at ].

Pr[S(X ) ≥ z] =

j∈J

w1

Pr[Mt = k, St = s | Xt = at ]

Modeling each set Gt as a 2-dimensional table (or array), note that each value of Gt can be computed in
O(k − (s − at )) = O(w1 ) time, and hence all values
of Gt can be computed in O(w1 ) · O(n2 a(a + b)) =
O(n3 ab(a + b)) time. Finally, once all the values of
Gn have been computed in O(n) · O(n3 ab(a + b)) =
O(n4 ab(a + b)) time, we can compute Pr[S(X ) ≥ z] as

{j ∈ [1..n] : aj < 0},
X
|aj | = O(na), and
X

Pr[Mt−1 = i, St−1 = s − at ].

When k > s, Mt does not count the element at , thus
we must have Mt−1 = Mt . Then

Pseudo-polynomial time algorithms

J

Pr[Mt = k, St = s, Xt = 0] +

z=1

k ∈ [0..w1 ], s ∈ [−w0 ..w1 ], k ≥ s}.

in O(w1 ) = O(nb) time.
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Theorem 3 Let X = X1 , X2 , . . . , Xn be a sequence of n random zero-value variables, with values a1 , a2 , . . . , an ∈ [−a..b] ⊂ Z and probabilities
p1 , p2 , . . . , pn , respectively, for some a, b ∈ N. Then,
both Pr[S(X ) ≥ z] and E[S(X )] can be computed in
time polynomial in n, a, and b.
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Abstract

resolving set if and only if r(u|S) 6= r(v|S) for every
pair of distinct vertices u, v ∈ V . If S is a metric basis, then the β(G) elements of the vector r(u|S) are
the metric coordinates of u with respect to S.
Resolving sets in general graphs were first defined
by Slater [11] and Harary and Melter [8]. They have
since been widely investigated and arise in many diverse areas (see [1] and its references).
The problem of finding the metric dimension of a
general graph is NP-hard (see [6]). It remains NPhard for a number of well-known graph classes such as
bipartite graphs and bounded-degree planar graphs.
Nevertheless, it can be solved in linear time for trees
and in polynomial time for cographs, chain graphs
and outerplanar graphs, although in this last case the
algorithm in [4] is O(n12 ). See [4, 8, 11] for more
references.
A set S ⊆ V is a dominating set if every vertex
not in S is adjacent to some vertex in S. A set S ⊆
V is a locating-dominating set, LD-set for short, if S
is a dominating set and N (u) ∩ S 6= N (v) ∩ S for
every two different vertices u and v not in S. The
location-domination number of G, denoted by λ(G), is
the minimum cardinality of a locating-dominating set.
A locating-dominating set of cardinality λ(G) is an
LD-code. Locating-dominating sets were introduced
in [10] and have also been studied for example in [2].
It is easy to show that any locating-dominating set is
a resolving set. Thus, β(G) ≤ λ(G).
As well as for the metric dimension, to compute the
location-domination number of a general graph is an
NP-hard problem but it is polynomial for some classes
of graphs (see [5, 7, 10]).
A graph G is outerplanar if it can be drawn in the
plane with no edge crossings and all vertices belonging to the unbounded face. A maximal outerplanar
graph, MOP for short, is that to which no more edges
can be added while preserving outerplanarity. Every
bounded face of a maximal outerplanar graph is a triangle. A maximal outerplanar graph of order n can
be seen as a triangulation of a convex polygon with n
vertices.
In this work we establish tight lower and upper

In this work we study the metric dimension and the
location-domination number of maximal outerplanar
graphs. Concretely, we determine tight upper and
lower bounds on the metric dimension and characterize those maximal outerplanar graphs attaining the
lower bound. We also give a lower bound on the
location-domination number of maximal outerplanar
graphs.
1

Introduction

Let G = (V, E) be a finite connected simple graph.
We say that a vertex x ∈ V resolves a pair of vertices v, w ∈ V if d(v, x) 6= d(w, x). A set of vertices
S ⊆ V is a resolving set of G if every pair of distinct
vertices of G are resolved by some vertex in S. A
resolving set S of G with minimum cardinality is a
metric basis of G. The metric dimension of G, denoted by β(G) is the cardinality of a metric basis.
For S = {x1 , . . . , xk } ⊆ V , we denote by r(u|S) the
vector of distances from u to the vertices of S, that
is, r(u|S) = (d(u, x1 ), . . . , d(u, xk )). Therefore, S is a
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bounds on the metric dimension of MOP’s (Section 2)
and a lower bound on their location-domination number Section 3). Because of limited space, we only
sketch the proofs.

Theorem 3 Let G = (V, E) be a MOP such that
|V | = 5k + t = n for some k ≥ 1 and 0 ≤ t ≤ 4.
Then, there is a resolving set S ⊂ V such that |S| =
2k + dt/2e. Moreover, S can be computed in linear
time.

2

Proof. We only sketch the case t = 0. Assume that
the vertices are placed on a convex polygon of n vertices numbered from 1 to n clockwise. Consider the
set S = {5a + b : 0 ≤ a ≤ k − 1, b ∈ {1, 3}} of
size 2k. We explore first which pairs of vertices are
not resolved by S. It can be shown that two vertices
i, j ∈
/ S are not resolved by S if and only if one of the
cases illustrated in Figure 2 holds. Now, we explore
the vertices not belonging to S clockwise beginning
with vertex 1. Whenever we find a pair of vertices
not resolved by S, one of the cases given in Figure 2
holds. In each case, we describe how to change some
vertices of S maintaining its size, in such a way that
the vertices already explored are resolved by the updated set S, so that at the end we obtain a resolving
set of size 2k.


Metric dimension of MOP’s

We begin with the calculation of the metric dimension
of MOP’s of small order. We denote by Fr,s the fan
graph Kr ∨ Ps , that is, the join of an empty graph of
order r with a path of order s.
Proposition 1 Let G be a MOP of order n, with
3 ≤ n ≤ 7. Then, β(F1,6 ) = 3 and β(G) = 2, in any
other case.
Proof. Metric bases for MOP’s of order at most 7
different from the fan F1,6 are given in Figure 1. Any
set of three vertices of degree 3 of the fan F1,6 is a
metric basis.

(1, 1)

(1, 2) (1, 1)

x1 x2
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Figure 1: Metric bases for MOP’s of order at most 7
different from F1,6 . Vertices x1 and x2 resolve every
pair of vertices of the corresponding graph. For every
vertex different from x1 and x2 the vector of distances
to x1 and x2 are given.
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i
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The following theorem states lower and upper
bounds on the metric dimension of MOP’s.
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Theorem 2 Let G = (V, E) be a maximal outerplanar graph of order n ≥ 5. Then,
 
2n
2 ≤ β(G) ≤
.
5

i

i+2 i+1

(e)

i−1 i−2
(h)

Figure 2: The coordinates of vertex i coincide with
the coordinates of vertex j.
Fan graphs provide a family of MOP’s that attain
the upper bound when the order is a multiple of 5 (see
Figure 3).

The lower bound is obvious, since paths are the
only graphs with metric dimension equal to 1 ([3]) and
Proposition 1 provides us several examples of MOP’s
with metric dimension equal to 2. The proof of the
upper bound is based on the following result.

Proposition 4 Let n ≥ 8. Then,
β(F1,n−1 ) =

62




2(n − 2)
.
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• If (i, j) ∈ Vd+2 ∩ V and i, j ≥ 2, then (i, j)(i −
1, j) ∈ E; (i, j)(i, j − 1) ∈ E; and exactly one of
the edges (i − 1, j − 1)(i, j) or (i − 1, j)(i, j − 1)
belongs to E;
• Any other vertex or edge of the graph belongs to
a zigzag with base line the edge (0, d)(1, d), or
the edge (d, 0)(d, 1), or any other edge of G from
those described in the preceding items with an
endpoint in Vd+2 and the other in Vd+1 , with the
additional condition that two different zigzags do
not share any edge.

Figure 3: Black vertices form a metric basis of F1,14 .
Proof. (Sketch) Consider the path Pn−1 joining all
the vertices of degree distinct from n − 1, numbered
from 1 to n − 1. It can be verified that if n is 5k,
5k + 1 or 5k + 2 for some k, then S = {2 + 5r : 0 ≤
r < bn/5c} ∪ {4 + 5r : 0 ≤ r < bn/5c} is a metric
basis. In any other case, one more vertex chosen in
an suitable way must be added.


Besides, we can test in O(n2 ) time and O(n) space
whether the metric dimension of a MOP of order n is
equal to 2.
Proof. (Sketch) The characterization follows from
the properties of the embedding. Now, if the metric dimension is 2, the two points of a resolving set
are connected by a maximal sequence of consecutive
triangles with no common edges, as the one pointed
out in red in Figure 4. Computing all the pairs of
points connected by a maximal sequence of triangles
can be done in O(n) time. And for each one of those
pairs, we can test in O(n) time if they form a resolving set. Observe that the same method can be used
to decide in O(n2 ) time whether the metric dimension
of a plane triangulation is 2.


The remaining part of this section is devoted to
the characterization of MOP’s with metric dimension
equal to 2. For this aim we use the strong product of
two paths of order n, that has the cartesian product
[0, n − 1] × [0, n − 1] as set of vertices and two different
vertices (i, j) and (i0 , j 0 ) are adjacent if and only if
|i0 − i| ≤ 1 and |j 0 − j| ≤ 1. It is known that a
graph with metric dimension 2, can be embedded into
the strong product of two paths in such a way that
a vertex with metric coordinates (x1 , x2 ) is placed on
the point with cartesian coordinates (x1 , x2 ) (see [9]).
For any integer k ≥ 1, let Ak = {(i, j) : i + j ≥
k, |j − i| ≤ k} and Vk = {(i, j) : i + j = k}. A zigzag
with base line (i, j)(i, j +1) is a subgraph of the strong
product induced by the set of vertices {(i + k, j + k) :
0 ≤ k ≤ r} ∪ {(i + k, j + 1 + k) : 0 ≤ k ≤ s}, for
some r ≥ 1 and s ∈ {r − 1, r}, and a zigzag with base
line (i, j)(i + 1, j) is a subgraph of the strong product
induced by the set of vertices {(i + k, j + k) : 0 ≤ k ≤
r} ∪ {(i + 1 + k, j + k) : 0 ≤ k ≤ s}, for some r ≥ 1
and s ∈ {r − 1, r}.
Bearing in mind this characterization and that all
the vertices of a MOP lie on the unbounded face, it
is easy to prove the following result (see Figure 4 for
an example of MOP with metric dimension 2).

Figure 4: A MOP with metric dimension 2. A metric basis is formed by the two squared vertices. Red
vertices and edges are compulsory. The region Ad is
colored in light blue and zigzags are colored in yellow.
Observe that all vertices belong to the unbounded
face.

Proposition 5 Let G = (V, E) be a MOP. Then,
β(G) = 2 if and only if there is an embedding into the
strong product of two paths such that for some d ≥ 1,
• V ⊆ Ad , Vd ∩ Ad ⊆ V , and E contains the edges
of the shortest path joining vertices (0, d) and
(d, 0);
• Vd+1 ∩ Ad ⊆ V and for each vertex (i, j) ∈
Vd+1 ∩ Ad , E contains the edges (i, j)(i − 1, j)
and (i, j)(i, j − 1);

3

Locating-dominating sets in MOP’s

Although the domination number of a graph can be
very small (for example a fan has domination number equal to 1), the location-domination number of a

• If (i, j) ∈ Vd+2 \V and i, j ≥ 2, then (i−1, j)(i, j−
1) ∈ E;
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graph of order n is lower bounded by a logarithmic
function on the order. The following theorem states a
linear tight lower bound for the size of any locatingdominating set of a MOP as a function of the order.
Theorem 6 Let G = (V, E) be a MOP of order n
and S ⊂ V a locating-dominating set of G. Then,
|S| ≥ d(2n + 3)/7e.

1)

Proof. (Sketch) Let S be a locating-dominating set
of G of size r. Let B = V \ S. It is obvious that there
are at most r vertices in B with exactly a neighbor in
S, and it can be proved that two vertices with 3 or
more neighbors in S share at most 2 of those neighbors. Bearing this fact in mind, it can be proved by
induction on r that there are at most 3(r − 1)/2 vertices in B with 2 or more neighbors in S. Thus,
n = |V | = |S| + |B| ≤ r + (r +
and the desired result follows.

k)

Figure 5: An example of a MOP of order n with
location-domination number equal to d(2n + 3)/7e.
Black vertices form a locating-dominating code.

7r − 3
3(r − 1)
)=
2
2
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Abstract

and Szwarcfiter [3] gave necessary and sufficient conditions for a Hamiltonian path to exist between two
vertices of Gn,m . They also showed that the problem of finding a Hamiltonian path (or cycle) between
two vertices is NP-complete. Collins and Krompart
[1] gave generating functions for counting the number of Hamiltonian paths in Gn,m that start in the
lower left corner and end in the upper right corner,
for 1 ≤ m ≤ 5. Jacobsen [4] presented an algorithm
for enumerating all the Hamiltonian paths in Gn,m ,
and calculated the number of distinct Hamiltonian
paths in Gn,n for 1 ≤ n ≤ 17.
One motivation for studying the connectedness of
Hn,m is generating random Hamiltonian cycles in
Gn,m : if Hn,m is connected, we choose a random
Hamiltonian path and then can perform a random
walk until we reach a Hamiltonian path whose endpoints are adjacent in Gn,m . Any such path can be
completed into a Hamiltonian cycle.
In this paper we show that Hn,2 , Hn,3 and Hn,4 are
connected.

Let Gn,m be the grid graph with n columns and m
rows. Let Hn,m be the graph whose vertices are the
Hamiltonian paths in Gn,m , where two vertices P1
and P2 are adjacent if we can obtain P2 from P1 by
deleting an edge in P1 and adding an edge not in P1 .
In this paper we show that Hn,2 , Hn,3 and Hn,4 are
connected.
1

Introduction

Let m and n be two positive integers, the grid graph
Gn,m is the graph whose vertex set is the set of points
in the plane given by
{(i, j) ∈ Z2 : 1 ≤ i ≤ n and 1 ≤ j ≤ m}.
Two vertices (i, j) and (k, l) of Gn,m are adjacent if
i = k and |j −l| = 1, or j = l and |i−k| = 1. Let Hn,m
be the graph whose vertices are all the Hamiltonian
paths of Gn,m , where two such paths P and Q are
adjacent if there exist edges e ∈ P and f ∈
/ P such
that Q = P −e+f . We call this graph the flip graph of
Hamiltonian paths of Gn,m ; the operation of replacing
e with f in P is called a flip. In this paper we study
the following problem, proposed by Hurtado [2]:

1.1

Preliminaries

We start by introducing some notation. Given a vertex v in Gn,m , we denote by vx and vy its x and
y coordinates, respectively. Let R be the boundary
rectangle of Gn,m . That is, R is the subgraph of Gn,m
induced by the vertices of degree at most three. Consider the subgraphs of R induced by the following sets
of vertices:
{(i, 1) : 1 ≤ i ≤ n};

Problem 1 For what values of n and m is Gn,m connected?
Hamiltonian paths in grid graphs have been studied from different points of view. Itai, Papadimitriou

{(i, m) : 1 ≤ i ≤ n};
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‡ Email: dflorespenaloza@gmail.com Research supported by
project UNAM PAPIIT IN117317.
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{(1, j) : 1 ≤ j ≤ m} and
{(m, j) : 1 ≤ j ≤ m}.
We refer to them as the bottom, top, left and right
sides of R, respectively.
Given a subgraph H of Gn,m with the same vertex
set as Gn,m , denote by H← [i] the subgraph of H induced by the vertices with x-coordinate at least i for

This project has received funding from the
European Union’s Horizon 2020 research
and innovation programme under the Marie
Sklodowska-Curie grant agreement No 734922.
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1 ≤ i ≤ n. Analogously, denote by H→ [i] the subgraph of H induced by the vertices with x-coordinate
at most i for 1 ≤ i ≤ n. Let F be another subgraph of Gn,m with the same vertex set as Gn,m . If
H← [n] = F← [n], denote by same← (H, F ) the minimum integer i in [1, n] such that H← [i] = F← [i]. If
H→ [1] = F→ [1], denote by same→ (H, F ) the maximum integer i in [1, n] such that H→ [i] = F→ [i].
A cyclic Hamiltonian path of Gn,m is a Hamiltonian path of Gn,m such that its endpoints are adjacent. Note that adding the edge joining the endpoints
of a cyclic Hamiltonian path produces a Hamiltonian
cycle of Gn,m . Given a cyclic Hamiltonian path P , we
denote by Pc the associated Hamiltonian cycle.
In the following lemmas it is convenient to assume
that the Hamiltonian paths are oriented from one of
its endpoints to the other. We refer to them as the
first and last vertices, respectively. In what follows
let P be such a Hamiltonian path and let s and t be
its first and last vertices, respectively.

Proof. Let P be a Hamiltonian path in Gn,2 . Note
that all cyclic Hamiltonian paths in Gn,2 are adjacent. We prove that Hn,2 is connected by showing
that there exists a sequence Q1 , Q2 , . . . , Qk of Hamiltonian paths of Gn,2 such that Q1 = P , Qk is cyclic
and Qi is adjacent to Qi+1 in Hn,2 for all 1 ≤ i ≤ k−1.
Let Q1 = P and suppose that Qi has been defined. If the endpoints s and t of Qi have the same
x-coordinate then either both are on the left side of
R or both are on the right side of R. In both cases Qi
is cyclic. In this case set Qk = Qi and we are done.
Suppose without loss of generality that s is to the
right of t. Note that the right edge of t is not contained in Qi ; as otherwise, s cannot be to the right of
t. Apply Lemma 3 to obtain a path Qi+1 adjacent to
Qi such that its last vertex is to the right of t and its
first vertex is not to the left of s. Note that since the
endpoints of the Qi move monotonically to the right,
then eventually both have the same x-coordinate; the
result follows.

Lemma 5 Every Hamiltonian path P of Gn,3 is connected in Hn,3 to a Hamiltonian path whose endpoints
are on the right side of R.

Lemma 1 Suppose that both endpoints of P lie on
R. Let ` be a directed vertical line in the plane and let
e1 , . . . , ek be the horizontal edges of P that intersect
`, in their order of intersection with `. Then for all
1 ≤ i ≤ k − 1, the edges ei and ei+1 have opposite
directions.

Lemma 6 Let P be a Hamiltonian path of Gn,3
whose endpoints lie on the right side of R. Then P
contains the following sets of edges.
• L := {((1, 1), (1, 2)), ((1, 2), (1, 3))};
• B := {((2i − 1, 1), (2i, 1)) : 1 ≤ i ≤ b n2 c};
• M := {((2i, 2), (2i + 1, 2)) : 1 ≤ i ≤ b n2 c}; and
• T := {((2i − 1, 3), (2i, 3)) : 1 ≤ i ≤ b n2 c}.

Lemma 2 Let e := (t, x) be and edge not in P such
that x 6= s. Let Q be the Hamiltonian path obtained
from P by a flip that adds e. Then the edge removed
in the flip is the directed edge (x, y). Assuming that
s is the first vertex of Q, then the last vertex of Q is
y.

Theorem 7 Hn,3 is connected.
Proof. Let P be a Hamiltonian path in Gn,3 . By
Lemma 5, we can assume that the endpoints of P lie
on the right side of R. Let Q be the Hamiltonian path
in Hn,3 with set of edges B∪T ∪M ∪V ∪((n, 1), (n, 2)),
where

Given two oriented Hamiltonian paths P and Q of
Gn,m we say that the endpoints of Q are monotonically to the right of P if the three following properties
hold.
• The first vertex of Q is not to the left of the first
vertex of P
• The last vertex of Q is not to the left of the last
vertex of P
• Either the first vertex of Q is to the right of the
first vertex of P or the last vertex of Q is to the
right of the last vertex of P .

B = {((i, 1), (i + 1, 1)) : 1 ≤ i ≤ n − 1}

T = {((n − 2i + 1, 3), (n − 2i + 2, 3)) : 1 ≤ i ≤ bn/2c}

M = {((n − 2i, 2), (n − 2i + 1, 2)) : 1 ≤ i ≤ bn/2c}
V = {((i, 2), (i, 3)) : 1 ≤ i ≤ n}

We prove that Hn,3 is connected by showing that
there exists a sequence of paths P = P1 , . . . , Pk = Q
in Gn,3 such that Pi and Pi+1 are adjacent in Hn,3
and same← (Pi , Q) ≥ same← (Pi+1 , Q) for every 1 ≤
i ≤ k − 1. We have two cases:
• n is even. If n is even, P is a cyclic Hamiltonian path in Gn,3 . By Lemma 6, the set of
edges D = {Pc \ {((1, 1), (1, 2))}} \ Q consists only
of edges from T and V . Furthermore, D can
be partitioned in sets of the form {((2i, 3), (2i +

Lemma 3 Suppose that t is not on the right side of
R and that the right edge of t is not in P . Then P
is adjacent in Hn,m to a Hamiltonian path Q whose
endpoints are monotonically to the right of P .
2

Hn,2 and Hn,3 are Connected

Theorem 4 Hn,2 is connected.
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3

1, 3)), ((2i, 1), (2i, 2)), ((2i+1, 1), (2i+1, 2))}, where
1 ≤ i ≤ n.
Let j := same← (Pc , Q) and let P2 := Pc \ {((j −
1, 3), (j, 3))}. Figure 1 shows a sequence of flips that
leads us to a path P6 such that same← (P6 , Q) <
j. We can repeat this process as many times as
necessary until we arrive at Q.

Hn,4 is Connected

Lemma 8 Suppose that each vertex of Gn,4 is colored with one of two colors in such a way that adjacent
vertices receive different colors. Then the endpoints of
every Hamiltonian path of Gn,4 have different colors.
Lemma 9 Let P be a Hamiltonian path of Gn,4 .
Then there exists a sequence P = P1 , . . . , Pt of Hamiltonian paths of Gn,4 such that for every 1 ≤ i < t the
following three properties hold.
1) Pi and Pi+1 are adjacent in Hn,4 .
2) Either the first vertices of Pi and Pi+1 are equal
and the last vertex of Pi+1 is to the right of the last
vertex of Pi , or the last vertices of Pi and Pi+1 are
equal and the first vertex of Pi+1 is to the right of
the first vertex of Pi .
3) Let j be the smallest x-coordinate of the endpoints
of Pi and Pi+1 . Then same→ (Pi , Pi+1 ) ≥ j.
Furthermore, Pt is cyclic and its endpoints lie on
the right side of R.

Figure 1: The flips for the even case. The numbers
indicate the order in which the edges are added.
• n is odd. If n is odd, there are two possible configurations for the endpoints of P , depicted in Figure 2. The same figure shows a sequence of flips
that transforms configuration a into configuration
b, thus we can assume without loss of generality
that the endpoints of P have configuration b. Furthermore, one more flip leads us to a path P2 whose
endpoints are (n − 1, 2) and (n, 3), and such that
same← (P2 , Q) = n. In general, given a path S
such that same← (S, Q) = n − i + 1 and whose
endpoints have coordinates of the form (n − i, 2)
and (n − i + 1, 3), there are only two possible configurations for the edges whose endpoints have xcoordinates in {n − i − 2, n − i − 1}. Figure 3
shows sequences of flips for each configuration that
take S to a path S 0 whose endpoints have coordinates (n − i − 2, 2) and (n − i − 1, 3). Furthermore,
same← (S 0 , Q) = n − i − 1. Thus, applying these
sequences of flips repeatedly yields a sequence of
paths that ends with Q.

Proof. We proceed by induction on i. Let P1 := P
and assume that i ≥ 1 and that P1 , . . . , Pi have been
defined. We construct Pi+1 . Let s and t be the first
and last vertices of Pi , respectively. Assume that the
right edges of both s and t are in Pi , otherwise Lemma
3 gives a path Pi+1 that satisfies all three conditions.
It can be shown that if sx = tx we can obtain Pi+1 .
Assume that tx < sx .
We consider the following cases.
• t∈
/R
Assume without loss of generality that ty = 3 and
denote the right edge of t by e. The right edge
of (tx , 4) is in Pi , if it has different orientation
than e, we perform a flip where we add the edge
(t, (tx , 4)) and we are done. Suppose that it has
the same orientation. If the right edge of (tx , 2) is
in Pi , it has different orientation than e, thus we
can perform a flip where we add the edge (t, (tx , 2))
and we are done. Suppose the right edge of (tx , 2)
does not belong to Pi . Then Pi contains the edges
((tx − 1, 4), (tx , 4)) and ((tx − 1, 2), (tx , 2)). The
subgraph of Pi induced by the vertices with xcoordinate less than tx is a Hamiltonian path on
Gtx −1,4 with endpoints (tx − 1, 4) and (tx − 1, 2).
These vertices have the same color, a contradiction
to Lemma 8.
• s∈
/R
Assume without loss of generality that sy = 3 and
denote the right edge of s by e. The right edge of
(sx , 4) is in Pi , if it has different orientation than e,
we perform a flip where we add the edge (s, (sx , 4))
and we are done. Suppose that it has the same orientation as e and let ` be a vertical line that passes
through the middle point of e. Since tx < sx , Pi
must cross ` two times from right to left. This implies that the edge ((sx , 2), (sx + 1, 2)) has different

Figure 2: The two possible configurations for the endpoints in the odd case.

Figure 3: The flips for the odd case.
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orientation than e. Thus we can make a flip where
we add the edge (s, (sx , 2)) to obtain Pi+1 .
• {s, t} ⊂ R
Assume without loss of generality that ty = 4
and denote the right edge of t by e. If the edge
((tx , 3), (tx + 1, 3)) is in Pi , it has different orientation than e by Lemma 1, thus we can get Pi+1 by
performing a flip where we add the edge (t, (tx , 3)).
Assume ((tx , 3), (tx + 1, 3)) is not in Pi and let ` be
a vertical line that passes through the middle point
of e. Since tx < sx , Pi must intersect ` two more
times. Note that tx > 1, otherwise the vertex (tx , 3)
has no incident edge. The subgraph of Pi induced
by the vertices with x-coordinate less than tx is a
Hamiltonian path on Gtx −1,4 with endpoints (tx , 3)
and (tx , 1). These vertices have the same color, a
contradiction to Lemma 8.
It follows that Pt is a Hamiltonian path whose endpoints lie on the right side of R. There is only left
to prove that Pt is cyclic. There are three possible
configurations for the endpoints of Pt that do not correspond to a cyclic path. It can be shown that any
such configuration can be taken to a configuration of
a cyclic path using at most 3 flips.


Suppose that Sc→ [1] = Q[1] and let m :=
same→ (Sc , Q). Let H be the set of horizontal edges of
S whose left endpoint has x-coordinate m. We claim
that H consists exactly of two edges of R. There cannot be 4 edges in H, otherwise m would be bigger.
Furthermore, since the endpoints of S lie on the right
side of R, there cannot be 3 edges in H. Thus, there
are exactly two edges in H. The y-coordinates of the
edges in H cannot be {2, 3}, as such a configuration
cannot be completed to a Hamiltonian path which is
cyclic (see Figure 5a). Similarly, the y-coordinates
cannot be {1, 2} or {3, 4}, as this configuration cannot be completed to a path (see Figure 5b).

Figure 5:
edges.

Forbidden configurations of horizontal

The positions of the edges in H imply that
((m, 2), (m, 3)) ∈ S. Let S1 = Sc \ {((m, 2), (m, 3))}.
Figure 6 shows two flips that transform S1 into a
Hamiltonian path S3 such that same→ (S3 , Q) > m.
By Lemma 9, we can transform S3 into a cyclic Hamiltonian path S 0 such that same→ (S 0 c , Q) > m.


In the following, Q be the Hamiltonian cycle in Gn,4
with set of edges H1 ∪ H2 ∪ V1 ∪ V2 , where
H1 = {((i, j), (i + 1, j)) : 1 ≤ i ≤ n − 2, 1 ≤ j ≤ 4}

H2 = {((n − 1, 1), (n, 1)), ((n − 1, 4), (n, 4))}
V1 = {((n, j), (n, j + 1)) : 1 ≤ j ≤ 3}

V2 = {((1, 1), (1, 2)), ((1, 3), (1, 4)), ((n − 1, 2), (n − 1, 3))}
Figure 6: The flips that take S to S3 when Sc→ [1] =
Q→ [1].

Lemma 10 Let S be a cyclic Hamiltonian path in
Gn,4 whose endpoints lie on the right side of R. Then
S is connected in Hn,4 to a cyclic Hamiltonian path S 0
whose endpoints lie on the right side of R such that:
• If Sc→ [1] 6= Q[1], then same→ (Sc0 , Q) ≥ 1
• If Sc→ [1] = Q→ [1], then same→ (Sc0 , Q) ≥
same→ (Sc , Q)

Theorem 11 Hn,4 is connected.
Proof. Let P be a Hamiltonian path in Gn,4 . By
Lemma 9, we can assume that the endpoints of P
lie on the right side of R. The result follows from a
repeated application of Lemma 10.


Proof. If Sc→ [1] 6= Q→ [1], Sc must contain the left
side of R. Let S1 = Sc \ {((1, 2), (1, 3))}. Figure 4
shows two flips that transform S1 into a Hamiltonian
path S3 such that same← (S3 , Q) ≥ 1. By Lemma 9,
we can transform S3 into a cyclic Hamiltonian path
S 0 such that same→ (Sc0 , Q) ≥ 1.
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Abstract

n nodes that correspond to the vertices of P .) If multiple split events occur at the same point and time,
i.e., if multiple reflex wavefront vertices coincide, then
we call such an event a multi-split event.2 Multiple
edge events on the same point result in a vanishing
wavefront component or multiple vanishing edges.
In the weighted scenario every edge requires an additional parameter as the wavefront edges move with
speeds induced by edge weights of P rather than
with unit speed. We denote by S(P, σ) the weighted
straight skeleton of P and by WP (t, σ) the respective
moving wavefront of P , where σ is the edge function
that assigns a weight σ(e) > 0 to every edge e of P .
The offset supporting line of the edge e at time t is
given by e(t) := `(e) + ne · σ(e) · t, where `(e) is the
supporting line of e and ne the inward unit normal
vector of e. We let e(t) denote all straight-line edges
of e(t) that are part of WP (t, σ) at time t. A wavefront
vertex v(t) is defined by the intersection ei (t) ∩ ej (t)
of two offset supporting lines if an edge of both ei (t)
and ej (t) is incident at v(t). A reflex (convex) wavefront vertex traces out a reflex (convex, resp.) arc of
S(P, σ).
Biedl et al. [3] show that many properties of unweighted straight skeletons are preserved for positively weighted straight skeletons of simple polygons.
In particular S(P, σ) is connected, is a tree, has no
crossings, and consists of n + v − 1 arcs, where v denotes the number of straight skeleton nodes. Furthermore, cl(WP (t + ε, σ)) ( cl(WP (t, σ)) for any ε > 0,
where cl() denotes the closure of the area bounded
by the polygon(s).3 A property that does not transfer is the monotonicity of a face traced out by e(t) of
WP (t, σ). However, it was shown by Biedl et al. [3]
that such a face always forms a simple polygon.
A motorcycle graph, introduced by Eppstein and
Erickson [5], is a simulation of r motorcycles
(m1 , . . . , mr ) that have given starting points and velocity vectors in R2 . All motorcycles start at the same
time, drive along straight lines at constant speed,
and leave traces behind. Whenever one motorcycle

We extend the work by Huber and Held (IJCGA 2012)
on straight-skeleton computation based on motorcycle
graphs to positively weighted skeletons. Resorting to
a line arrangement induced by the r reflex vertices
of a simple n-vertex polygon P allows to compute
3
the weighted straight skeleton of P in O(n2 + r /k +
nr log n) time and O(n + kr) space, for an arbitrary
positive integer k with 1 ≤ k ≤ r.
Introduction
We consider a simple planar polygon P (without
holes) with n vertices and assume that strictly positive weights for the edges of P are given as part of
the input. As usual, we call a vertex v reflex if the
interior angle at v is greater than π, and convex otherwise. Suppose that r out of the n vertices of P are
reflex. We embed P into the xy-plane of R3 .
Wavefront propagation is a well-known strategy for
computing (weighted) straight skeletons [2, 3, 6]. The
moving wavefront is defined over P and regarded as
a function WP (t) of time t. At the start time t = 0
the wavefront WP (0) equals P . As time progresses
the propagation process simulates a shrinking of the
wavefront. Therefore, every wavefront edge moves at
unit speed and in a self-parallel manner into the interior of the polygon while maintaining a closed boundary. The vertices of this shrinking wavefront trace out
arcs which form the straight skeleton S(P ). To maintain the weak planarity1 of the wavefront two events
have to be handled: edge event and split event. An
edge event occurs when a wavefront edge shrinks to
zero length. A split event occurs when a reflex wavefront vertex crashes into the interior of an opposing
wavefront edge. These events produce the (interior)
nodes of the straight skeleton such that at least three
arcs meet in a common node. (In addition there are
∗ Email:

geder@cosy.sbg.ac.at
held@cosy.sbg.ac.at
Work supported by Austrian Science Fund (FWF) Grant
P25816-N15.
1 A polygon is weakly planar (or weakly simple) if it is the
boundary of a region that is topologically equivalent to a disk;
(portions of) edges may overlap and vertices may coincide.
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2 Multi-split

events are also known as vertex events [5].
roof R(P ) can be constructed over P by assigning a time
depending z-component to the propagating wavefront, and this
roof remains a z-monotone terrain even in the weighted case [3].
3A
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crashes into such a trace it stops. The traces remain
and form the line segments or rays of a graph: The
motorcycle graph M(m1 , . . . , mr ) is defined as the arrangement of all traces after infinite time.

Theorem 1 Every simple polygon P with n vertices
and positive edge weights admits a triangulation with
O(n) Steiner points that is free of flip events during
the wavefront propagation.

The straight skeleton was introduced two decades ago
by Aichholzer et al. [2]. The algorithm with the best
worst-case complexity is by Eppstein and Erickson.
Their algorithm computes the weighted straight skeleton of a simple polygon (with holes) in O(n17/11+ε )
time and space [5]. Their approach seems challenging to implement, though. More recent results with
lower time/space-complexity are known [4, 8]. Unfortunately they are not applicable in the weighted case.
Aichholzer and Aurenhammer [1] and Palfrader et
al. [7] discuss a more practical algorithm. Their algorithm, based on a kinetic triangulation, computes
the straight skeleton of a planar straight line graph
(PSLG) in O(n3 log n) time. The main idea is to
maintain a triangulation of the interior of the wavefront over time. By analyzing the triangles of this kinetic triangulation one can find the event points where
the wavefront changes. The cubic worst-case time
bound stems from the number of flip events (when
a reflex wavefront vertex crosses a diagonal of the triangulation).
Huber and Held [6] introduce an O(n2 log n) time
and linear space approach to compute the straight
skeleton of a given PSLG. Flip events are avoided by
utilizing the motorcycle graph induced by the input.
We extend their work to positively weighted straight
skeletons over simple polygons without holes. Our
3
adaptation of their algorithm leads to an O(n2 + r /k +
2
(nr + r ) log n) time and O(n + kr) space complexity
for a fixed k ∈ Z+ such that k < r. A space-time
tradeoff on k allows to scale the required space from
linear to O(n + r2 ) thereby scaling the k dependent
term between r2 and r3 time. These variants yield
practical candidates for implementation. In the sequel we review the algorithm by Huber and Held [6]
and explain the modifications required to make their
algorithm applicable for positive edge weights.

In the triangulation-based approach the flip events
are caused by reflex vertices crashing into diagonals
of the triangulation. In [6] this is prevented by employing a Steiner triangulation. To apply this idea we
resort to the motorcycle graph induced by P . A motorcycle m starts at every reflex vertex v of WP (0, σ).
Its position at time t is given by v(t). Furthermore,
the boundary of P is seen as a solid wall. Thus a motorcycle not only crashes at a trace of another motorcycle but as well at the boundary of P . We denote the
motorcycle graph of the unweighted P by M(P ), and
the weighted motorcycle graph induced by a weighted
P by M(P, σ).
The algorithm by Huber and Held [6] relies on two
main properties of M(P ): (i) All reflex arcs of S(P )
have to be covered by segments of the motorcycle
graph, and (ii) M(P ) induces a convex tessellation
of P .
By adding additional motorcycles with different
starting times, Huber and Held show that both (i)
and (ii) hold for their induced (unweighted) motorcycle graph over any PSLG (even if multi-split events
occur).
In the weighted approach, however, both properties (i) and (ii) are violated: Property (ii) does not
hold as M(P, σ) does not induce a convex tessellation of P , cf. Fig. 1c. Furthermore, an edge event
involving a reflex vertex may result in another reflex
wavefront vertex v, cf. Fig. 1a. The arc traced out by
v is not part of M(P, σ) as v is not a reflex vertex
of WP (0, σ), thus violating property (i). Updating
M(P, σ) at times of such events is expensive, as redirecting one motorcycle may result in recomputing all
other motorcycles. Since such reflex-preserving edge
events may occur after split events, cf. Fig. 1b, also
tracking the initial convex arcs with additional motorcycles is insufficient. Clearly Ω(n) reflex-preserving
edge events can occur. Hence, M(P, σ) seems unsuitable for covering all reflex arcs of S(P, σ).

2

2.1

1

Related Work and Our Contribution

Algorithm

Extended Wavefront Propagation

We therefore take a different approach and define the
arrangement A(P ) induced by the reflex vertices of
WP (0, σ). For every reflex vertex v of WP (0, σ) a line
segment is added to A(P ) such that it starts at v,
lies on the ray defined by v(t), and ends at the point
where it first connects to a vertex or edge of P , for
t > 0. A(P ) consists of r such segments and covers
all reflex arcs of the initial wavefront.

For the triangulation-based algorithm convex input
may result in Ω(n2 log n) running time. Nevertheless,
the best known upper bound for this approach still
is O(n3 log n). Huber and Held [6] show that for every simple polygon there exists a Steiner triangulation
with O(n) Steiner points that is free of flip events. In
the weighted case additional Steiner points are needed
since the faces of S(P, σ) do not have to be monotone.
The total number of Steiner points needed is still in
O(n) and it can be shown that Theorem 1 holds.

Lemma 2 A(P ) induces a convex tessellation of P .
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Figure 1: In (a-b), we see a reflex-preserving edge event at v. In (d-e), we see a multi-split event at v. The
input is drawn in black (thick for higher edge weight). In (c-d), convex arcs are drawn in blue and reflex arcs in
orange.
Switch event: A convex vertex u meets a moving
Steiner vertex or a reflex vertex v. Then u migrates
from one convex face to a neighboring one by jumping
over v. If v is reflex it becomes a moving Steiner
vertex; respective straight skeleton arcs are added.
Multi split event: Reflex vertices u0 , . . . , uk−1 meet
simultaneously at a resting Steiner vertex u. We number them clockwise around u. First, reflex straight
skeleton arcs are added for u0 , . . . , uk−1 and their corresponding segments are removed from A(P ). Second, for all consecutive pairs ui , u1+i (mod k) , with
0 ≤ i < k: Let ei denote the edge uui and let ei+1
denote the edge uu1+i (mod k) . Then the wavefront is
patched for each sector bound by ei and ei+1 as follows. (Note that if k = 0 then one sector spans the
whole local disc.) A new vertex v is created which
patches the ccw-edge el of ei at ui and the cw-edge er
of ei+1 at u1+i (mod k) together. Also note that additional edges e may have been incident to u between
ei and ei+1 . Such an edge e could lie exactly on the
trajectory of v, e.g., if v is a reflex wavefront vertex,
because el and er span a reflex angle. In this case e,
which was incident to u, simply becomes incident to
v. Also we add a segment to A(P ) that lies on v(t).
As v is reflex, the edge uv splits the non-convex sector
into two sectors. If one of them is non-convex we add
another segment to A(P ) that lies on either u1 (t) or
uk (t) and starts at u, such that the non-convex sector
is split into two convex sectors, cf. Fig. 1c and 1d. The
next intersection point of these segments is added as
resting Steiner vertex to WP∗ (t, σ) and the corresponding edges.
In all other cases where v is convex, e splits el resp.
er by an additional moving Steiner vertex, depending
on whether e lies left or right to the trajectory of v.
Start event: A moving Steiner vertex u that moves
on segment s of A(P ) meets a Steiner vertex v. This
is similar to a multi split event with k = 0, except that
u is not a reflex vertex. Thus, no straight skeleton arc
is traced out by u. The next intersection point v 0 on s
in A(P ) is added as resting Steiner vertex to WP∗ (t, σ)
as well as the edge vv 0 . We also shorten the segments
of A(P ) incident at v where no moving Steiner vertex
reached v: Their endpoint is modified to v and forms
a moving Steiner vertex of WP∗ (t, σ).
When two moving Steiner vertices meet they can be
removed. Other events are guaranteed not to occur.

Theorem 1 tells us that there always exists a flipevent-free Steiner triangulation. Rather than using
the straight-skeleton based Steiner triangulation we
use the arrangement A(P ) to track the reflex arcs of
S(P, σ). And instead of using a kinetic triangulation
we employ an extended wavefront WP∗ to trace out
S(P, σ) without flip events:
Definition 3 (Huber and
S Held [6]) The overlay
of WP (t, σ) and A(P ) ∩ t0 ≥t WP (t0 , σ) defines the
extended wavefront WP∗ (t, σ).
WP∗ (t, σ) is seen as a kinetic PSLG where the vertices which are not in WP (t, σ) are called Steiner vertices. Furthermore, Steiner vertices that belong to
both WP (t, σ) and A(P ) are called moving Steiner
vertices, while those Steiner vertices which have not
yet been reached by the wavefront are called resting Steiner vertices, cf. Fig. 2. For each segment s
in A(P ) we store four vertices: v(t) of WP (t, σ), its
moving Steiner vertex v(t0 ) where s ends, and the two
intersection points on s in A(P ) closest to v(t) and
v(t0 ), which are both resting Steiner vertices. Due
to multi-split and reflex-preserving edge events updates of A(P ) are required during the propagation of
WP∗ (t, σ). An update consists of inserting and removing a segment from A(P ). First WP∗ (0, σ) is determined. Then for every edge its collapse time (if finite)
is inserted as an event into a priority queue Q sorted
by event time. As Q is sequentially dequeued the following events are distinguished, which are equivalent
to the unweighted scenario:
Edge event: Two vertices u and v meet; the respective straight skeleton arcs are added; u and v are
merged into a new vertex w. If w is reflex, i.e., resembles a reflex-preserving edge event, then a new
segment on w(t) is added to A(P ); the previous one
is removed. Additionally it is checked whether u and
v cause a whole triangle of the wavefront to vanish.
Split event: If a reflex vertex u meets a moving
Steiner vertex v then the reflex straight skeleton arc
traced out by u is added. Consider the wavefront to
the left of the edge e = uv. If this side collapsed then
the corresponding straight skeleton arcs are added.
Otherwise a new convex vertex emerges, which is connected to the vertices adjacent to u and v lying left
to e. Similarly on the right side of e.
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Figure 2: All edges of P have unit weight except those marked in thick (dotted) black, which have large (small,
resp.) edge weights; WP∗ (t, σ) is drawn in blue, the blue dashed edge marks a segment removed from A(P ) due
to a reflex-preserving edge event.
When Q is empty also the last component of WP∗ (t, σ)
has vanished and S(P, σ) is complete. During the
extended wavefront propagation A(P ) is adapted such
that the following Lemma 4 holds. Lemma 5 follows
from Lemmas 2 and 4.

segment has O(r) intersection points we have to compute the next k intersections only every O(r/k) times.
This allows to deduce the following Theorem 6.
Theorem 6 This algorithm computes S(P, σ) of P
3
in time O(n2 + r /k + nr log n) time and O(n + kr)
space.

Lemma 4 The movement of the reflex vertices of
WP (t, σ) is tracked by A(P ) at any time t ≥ 0.
Lemma 5 For any t ≥ 0 the set P \
consists of open convex faces.
2.2
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Abstract

Goodman et al. [6] also proved that there exist order
types which require doubly exponential grid size in
any drawing: Let f (n) be the smallest integer M such
that every set of n points in general position in the
plane can be realized on the grid {(i, j) | − M ≤
i, j ≤ M }. Then, there exist constants c1 and c2
c1 n
c2 n
such that 22
≤ f (n) ≤ 22 . Hence, the number of
bits needed to store an order type is exponential in n.
Here, we show that order types of random point sets
can be realized on an integer grid of small size.

Let S := {p1 , . . . , pn } be a set of n points chosen
independently and uniformly at random from the unit
square and let M be a positive integer. For every
point pi = (xi , yi ) in S, let p0i = (bM xi c, bM yi c). Let
S 0 := {p0i : 1 ≤ i ≤ n}. We call S 0 the digitization of
S by M . In this paper we study the problem:
How large does M have to be such that with
high probability, S and S 0 have the same order type?
1

Theorem 1 Let  > 0 and let M := bn3+ c. Let S be
a set of n points chosen independently and uniformly
at random from a square with opposite corners (0, 0)
and (M, M ). Let the integer grid G := {(i, j) | 0 ≤
i, j ≤ M }. Let S 0 be the subset of n points of G which
are closest to S. Then, the probability that S 0 and S
have the same order type tends to 1 as n tends to
infinity.

Introduction

The order type of a point set S = {p1 , . . . , pn } in
the plane is a mapping that assigns to each ordered
triplet (pi , pj , pk ) of points of S its orientation. Many
combinatorial properties of point sets only depend on
the order type. For instance, point sets with the same
order type have the same number of triangulations
and the same rectilinear crossing number. A drawing,
or realization, of S is a set of n points in the plane
with integer coordinates and with the same order
type as S. For numerical computations, it is very
desirable to have drawings of point sets, since integer
arithmetic is faster than floating point arithmetic,
and is also less susceptible to rounding errors.
We only refer to the works of Greene and Yao [7]
and Milenkovic [9] for digitization and the use of
finite precision arithmetic in computational geometry.

We remark that M is chosen sufficiently large
in this theorem to guarantee that asymptotically
almost surely no two points of S are digitized to the
same point of S 0 . This will be proved in Lemma 2.
It also follows from the proof of Theorem 1 that
asymptotically almost surely S 0 is a set of points in
general position; that is, no three points of S 0 are on
the same straight line.
Small drawings for several special point sets are
known. Jarnı́k [8] proved that a set of n points in
convex position has a drawing on an integer grid
of size O(n3/2 ); Bereg et al. [3] showed that the
double circle of n points can also be drawn on a
grid of size O(n3/2 ); Barba et al. [2] proved that the
Horton set of n points can be drawn on a grid of
size O(n(log(n)−1)/2 ); Duque et al. [4] proved that the
nested almost convex set of n points can be drawn on
a grid of size O(nlog(5) ).

Aichholzer et al. [1] developed an order type data
base with drawings for all sets of up to n = 11 points.
However, for sets with a large number n of points, it is
infeasible to obtain such a data base, since the number
of order types is large, at least n4n+O(n/ log(n)) , see [5].
∗ Email: ruyfabila@math.cinvestav.edu.mx. Research supported by Conacyt of Mexico grant 253261.
† Email: clemens.huemer@upc.edu. Research supported by
projects MTM2015-63791-R and Gen. Cat. DGR 2014SGR46.
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The upper bound on the grid size

We prove Theorem 1 for points selected from the unit
square; the result then follows by scaling. Precisely:
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Let S := {p1 , . . . , pn } be a set of n points chosen
independently and uniformly at random from the unit
square. For  > 0 define M := bn3+ c. Let



i j
0
,
| i, j = 0, 1, . . . , M ,
G :=
M M

p0i

and let p0i be the point of G0 closest to pi . Let
S 0 := {p01 , . . . , p0n }. First we show in Lemma 2
that the minimum distance among points of S is
large enough, so that asymptotically almost surely
no two points of S have the same closest point p0 of G0 .

p0j

For M1 an integer, assume that the unit square has
been subdivided into M1 × M1 squares; we call these
squares big squares. we say that two such squares are
adjacent if their boundaries intersect; note that a big
square is adjacent to itself and that it has at most 8
other big squares adjacent to it. For a given point
pi we say that the big squares adjacent to the square
that contains pi are forbidden squares by pi .

Figure 1: The forbidden region of points pi and pj are
the squares which intersect the double wedge.
∆pi ,pj ,pk the triangle with vertices pi , pj and pk ; and
denote with ∆0pi ,pj ,pk the triangle with vertices p0i , p0j
and p0k . In particular, we will show that asymptotically almost surely, ∆pi ,pj ,pk and ∆0pi ,pj ,pk have the
same orientation, for all 1 ≤ i, j, k ≤ n.
For every pair of points (pi , pj ) of S we define a
forbidden region such that if a third point pk avoids
this region, then ∆pi ,pj ,pk and ∆0pi ,pj ,pk have the same
orientation.
Let `i,j be the line passing through pi and pj , and
let `0i,j be the line passing through p0i and p0j . Let wi,j
be the double wedge bounded by `i,j and `0i,j , and
that contains the line segment with endpoints pi and
p0i , see Figure 1.
The forbidden region of pi and pj is the union of
all squares of area 1/M 2 , with vertices on G0 , that
intersect wi,j . We denote it by Fi,j .

Lemma 2 Let M1 ≥ n. The probability that no pair
of points of S lie in adjacent big squares is greater
than
9n2
.
1−
2M12
Proof. Let Ak be the event that point pk does not
lie in any of the big squares forbidden by every pi for
all i < k. Let
k
\
Ai .
Bk :=
i=1

Note that if pk is not in the big squares forbidden by
every pi , for all i < k, then no such pi is in the big
squares forbidden by pk . We are thus interested in
the probability of Bn . Note that
Pr{Ak } ≥ 1 −
From the inequality
( n
)
\
Pr{Bn } = Pr
Ai ≥
i=1

Lemma 3 If pi and pj are at distance d then the area
of Fi,j is at most Mc d , for some constant c.

9(k − 1)
.
M1 2

n
X
i=1

√
Proof. Assume d < 1; the case 1 ≤ d ≤ 2 is similar.
Consider two squares p0i and p0j , with sides par-

Pr{Ai }

!

√

allel to the edge p0i p0j , of side length M2 , and centers
p0i and p0j respectively. See Figure 2. Without loss
of generality, the edge p0i p0j is drawn as a horizontal
segment in Figure 2. Note that pi lies inside p0i , and
pj lies inside p0j . Then the distance p0i p0j satisfies

− (n − 1),

we get
Pr

(

n
\

i=1

Ai

)

≥

n
X

9(i − 1)
1−
M12
i=1

!

pj

pi

√

√
2
2
0
0
d−2
≤ pi pj ≤ d +
.
M
M

− (n − 1)

Observe that the double wedge wi,j is contained in
the region bounded by the four common tangents to
p0i and p0j ; that is, wi,j is contained in the union of
the region bounded by the double wedge defined by
lines `A,C and `B,D which contains p0i and p0j , and
the rectangle with vertices A, B, C, D (see Figure 2).
The area of the rectangle with vertices A, B, C, D is

9n2
≥1−
.
2M12

We now prove that S and S 0 asymptotically almost surely have the same order type. Denote with
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√
2
M

D

A

p0j

pi
p0i

q

pj

B

C

Figure 2: The area of the double wedge wi,j (in gray) inside the unit square is less than
√

at most dM2 .
Let q be the intersection point of `A,C and `B,D . Then
=

p0j q

=

Then, by Lemma 3,

p0i p0j
2 .

The area of the trian

√
√
p0i p0j
2
2
with vertices q, C, D is 2M
2 − 2M ,

the distance
gle ∆q,C,D

p0i q

Let
Fk :=

[

2

x=0

√

2d
4M .

√

Z

Pr{pk ∈ Fi,j } =

Let wq,C,D be the convex wedge
−−→
−−→
with apex q and halflines `q,C and `q,D , inside the unit
square. Then wq,C,D is contained in a scaled triangle of ∆q,C,D
where the edges are scaled by a factor
√
less than 4 d 2 . Then the area of wq,C,D is less than
 √ 2
√
√
2d 4 2
8 2
≤
4M
d
M d . The same arguments apply to
the convex wedge wq,A,B with apex q and halflines
−−→
−−→
`q,A and `q,B , inside
the unit square, to show that its
√
area is less than 8M d2 . It follows that the area of the
√
√
√
double wedge wi,j is less than 16M d2 + dM2 ≤ 17M d2 . Finally, Fi,j is contained in wi,j union the squares which
intersect the boundary of wi,j . The result follows. 
which is at most

√
17 2
Md .

≤

Z

Pr{pk ∈ Fi,j | pi pj = x}fD (x) dx

√

2

x=0

c
fD (x) dx
Mx

 c
√
4
3c
1 − 2 + 3 arcsinh (1)
<
.
3
M
M

Since there are less than k2 < k 2 choices for i and j,
=

X

Pr{pk ∈ Fk } ≤

i,j<k

Pr{pk ∈ Fi,j } ≤ k 2

3c
Ck 2
≤
M
M



for some constant C.
Lemma 5

Fi,j .
Pr

i,j<k

Let Ak be the event that pk is not in Fk . If all the
Ak occur, for 1 ≤ k ≤ n, then S and S 0 have the same
order type.

i=1

Ai

)

≥1−C

n3
M

Proof. By Lemma 4, Pr{Ak } = 1 − Pr{pk ∈ Fk } ≥
2
1 − Ck
M . From the inequality

Ck 2
,
M

Pr

for some constant C.

(

n
\

Ai

i=1

Proof. We show that for 1 ≤ i < j < k,

and since

c
Pr{pk ∈ Fi,j } ≤
,
M

for some constant c. Thereto, we use the density
function fD (x) of the distance x of two random
points placed uniformely and independently in the
unit square, see for instance [10].

2πx − 8x2 + 2x3
for 0 ≤ x ≤ 1







4x arcsin x1 − arccos x1
fD (x) =



√
√


 +2 x2 − 1 − x2 − 1 for 1 ≤ x ≤ 2
2

n
\

for some constant C.

Lemma 4
Pr{pk ∈ Fk } ≤

(

Pr

(

n
\

i=1

Pn

Ai

i=1

)

≥

)

≥

n
X
i=1

Pr{Ai }

!

− (n − 1),

i2 ≤ n3 , we get
n
X

Ci2
1−
M
i=1

!

− (n − 1) ≥ 1 −

Cn3
.
M


Since
lim 1 −

n→∞

Theorem 1 follows.
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A. López, P. Pérez-Lantero, Embedding the double
circle in a square grid of minimum size, International
Journal of Computational Geometry and Applications
24 (2014), 247.
[4] F. Duque, R. Fabila-Monroy, C. Hidalgo-Toscano, P.
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Abstract
We consider matchings between a set R of red points
and a set B of blue points with diametral disks. In
other words, for each pair of matched points p ∈ R
and q ∈ B, we consider the diametral disk defined by
p and q. We prove that for any R and B such that
|R| = |B|, there exists a perfect matching such that
the diametral disks of the matched point pairs have a
common intersection. More precisely, we show that a
maximum weight perfect matching has this property.
Figure 1:
1

Example for a set of n = 4 red and blue
points, showing a matching and the associated disks, with
a common intersection.

Introduction

Let n ≥ 2, and R and B be disjoint point sets in the
plane such that |R| = |B| = n. The elements of R are
called red points and the elements of B blue points.
Geometric matching of red and blue points in the
plane with pairwise disjoint geometric objects asks for
pairing the points in such a way that each pair is associated with a geometric object that covers both points
of the pair, and all associated objects are pairwise disjoint. In all pairs the two points are restricted to be
of different colors, or in all pairs the two points are
restricted to be of the same color. This is well studied
in discrete and computational geometry, starting from
the classic result that n red points and n blue points
can always be perfectly matched with n pairwise noncrossing segments, where each segment connects a red
point with a blue point [9]. The study has been continued by using pairwise disjoint segments [3, 7], rectangles and squares [1, 2, 5, 6], and more general geometric objects [4].
More formally, for R = {p1 , . . . , pn } and B =
{q1 , . . . , qn }, a matching of R ∪ B is a partition of
R ∪ B into n pairs such that each pair consists of a
red and a blue point. A point p ∈ R and a point
q ∈ B are matched if and only if the pair (p, q) is
in the matching. We use pq to denote the segment

connecting p and q, and |pq| to denote its length.The
diametral disk of pq, denoted Dpq , is the disk with
diameter equal to |pq| that is centered on the midpoint of pq. For a matching M, we use DM to denote
the set of disks associated with the matching, that is:
DM = {Dpq | (p, q) ∈ M}.
In this paper, we prove that for any R and B as
above, there always exists a matching M such that
all disks in DM have a common intersection (see Figure 1). More precisely, we show that any maximum
matching satisfies this property. A matching M of
R ∪ B is maximum if it maximizes the sum of the
squared distances
Pbetween the matched points, that
is, it maximizes (p,q)∈M |pq|2 .
Observe that our result goes in the direction opposite to that of known results on matching red and
blue points: Our goal is that all matching objects
have a common intersection, whereas in prior work it
is required that all matching objects are pairwise disjoint. When matching points of different colors with
segments, it is not always possible to guarantee that
all matching segments are pairwise intersecting (e.g.,
two red and two blue points not in convex position).
This also happens when matching with axis-aligned
rectangles, where for any two matched points the associated rectangle is the one with minimum-area that
contains both points. Our result is also motivated
from Tverberg’s theorem [10], which states that any
(d+1)(r −1)+1 points in Rd can be partitioned into r
subsets such that the convex hull of all of the subsets
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{clemens.huemer,carlos.seara,rodrigo.silveira}
@upc.edu. Research supported by projects Gen. Cat. DGR
2014SGR46, MINECO MTM2015-63791-R, and H2020-MSCARISE project 73499 - CONNECT.
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projects CONICYT FONDECYT/Regular 1160543 (Chile) and
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have a point in common.
We begin by introducing some additional notation.
After that, we consider a maximum matching M of
R ∪ B, and prove in Section 2 that any pair of disks in
DM intersect. Finally, in Section 3, we prove that all
disks in DM must intersect. Due to space constraints,
some proofs have been omitted.

C
hCA

B0

Notation: For a point p, let x(p) and y(p) denote the
x- and y-coordinates of p, respectively. Given three
different points p, q, and r, let `(p, q) denote the line
containing both p and q, ∆pqr the triangle with vertex
set {p, q, r}, ∠pqr the angle at q in the triangle ∆pqr,
and Cpq the circle bounding Dpq .

C0
hBC

A0
B

A

hAB

2

Any two disks intersect

Lemma 1 Let p1 , p2 ∈ R and q1 , q2 ∈ B such
that {(p1 , q1 ), (p2 , q2 )} is a maximum matching for
{p1 , p2 , q1 , q2 }. Suppose further that y(p1 ) = y(p2 ),
and x(p1 ) < x(p2 ). Then, x(q2 ) ≤ x(q1 ).

Figure 2: Illustration of Lemma 3.
3

All disks intersect

In this section, we strengthen the previous result by
showing that in any maximum matching M, all disks
in DM have a point in common. This requires considerably more effort and the help of several lemmas.

Proof. Assume w.l.o.g. p1 = (−1, 0) and p2 = (1, 0).
Given a constant c, the points r = (x, y) that satisfy
|rp1 |2 − |rp2 |2 = c are those such that (x + 1)2 + y 2 −
(x − 1)2 − y 2 = 4x = c. Then, the locus of such points
is the vertical line x = c/4. Since {(p1 , q1 ), (p2 , q2 )} is
a maximum matching, we have that

Lemma 3 Let A, B, and C be three points in the
plane in general position. Let hAB , hBC , and hCA be
three lines that are perpendicular to `(A, B), `(B, C),
and `(C, A), respectively. Let the points A0 = hAB ∩
hCA , B 0 = hAB ∩ hBC , and C 0 = hBC ∩ hCA . Then,
the three circles CAA0 , CBB 0 , and CCC 0 have a point in
common (see Figure 2).

|p1 q1 |2 + |p2 q2 |2 ≥ |p1 q2 |2 + |p2 q1 |2 ,

|p1 q1 |2 − |p2 q1 |2 ≥ |p1 q2 |2 − |p2 q2 |2 .

Let d1 = |p1 q1 |2 − |p2 q1 |2 and d2 = |p1 q2 |2 − |p2 q2 |2 .
Note that the vertical line through q1 is the line x =
d1 /4, thus x(q1 ) = d1 /4, and analogously, x(q2 ) =
d2 /4. Since d2 ≤ d1 , we have x(q2 ) ≤ x(q1 ).


Proof. Without loss of generality assume that A =
(a, 0), B = (b, 0), and C = (0, c), for some a < 0, and
b, c > 0. Observe that triangles ∆ABC and ∆A0 B 0 C 0
are similar, so that ∆A0 B 0 C 0 is obtained from ∆ABC
by first a rotation of π/2 radians, after that a scaling
of factor λ, and finally a translation with vector (α, β),
for some λ ≥ 0, α, β ∈ R. Consider that the rotation
is counter-clockwise. The case where it is clockwise is
similar. Then, A0 = λ · (0, a) + (α, β) = (α, λa + β),
B 0 = λ · (0, b) + (α, β) = (α, λb + β), and C 0 = λ ·
(−c, 0) + (α, β) = (−λc + α, β). The points (x, y) of
CAA0 are those such that the scalar product between
vectors (x, y) − A = (x − a, y) and (x, y) − A0 = (x −
α, y − λa − β) equals zero. That is,

Lemma 2 Let p1 , p2 ∈ R and q1 , q2 ∈ B such
that {(p1 , q1 ), (p2 , q2 )} is a maximum matching for
{p1 , p2 , q1 , q2 }. Then, Dp1 q1 ∩ Dp2 q2 6= ∅.
Proof. Assume w.l.o.g. that y(p1 ) = y(p2 ) and
x(p1 ) < x(p2 ). Let q˜1 and q˜2 be the orthogonal
projections of q1 and q2 on `(p1 , p2 ), respectively.
By Thales’ theorem, Cp1 q1 contains q˜1 , which implies
p1 q˜1 = Dp1 q1 ∩ `(p1 , p2 ). Similarly, Cp2 q2 contains q˜2 ,
and p2 q˜2 = Dp2 q2 ∩ `(p1 , p2 ). By Lemma 1, x(q2 ) ≤
x(q1 ), which implies that segments p1 q˜1 and p2 q˜2 have
a point in common. Hence, Dp1 q1 ∩ Dp2 q2 6= ∅.


(x − a)(x − α) + y(y − λa − β) = 0.

Next, observe that in any maximum matching M
of R ∪ B, where |R| = |B| ≥ 2, {(p1 , q1 ), (p2 , q2 )}
is a maximum matching of {p1 , p2 , q1 , q2 } for every
pair (p1 , q1 ), (p2 , q2 ) ∈ M. That is, any two pairs of
a maximum matching form also a maximum matching for the four points involved. Therefore, applying Lemma 2 we can conclude that in any maximum
matching M the disks DM are pairwise intersecting.

(1)

Similarly, the points (x, y) of CBB 0 satisfy that the
scalar product between (x, y) − B = (x − b, y) and
(x, y) − B 0 = (x − α, y − λb − β) equals zero. That is,
(x − b)(x − α) + y(y − λb − β) = 0.

(2)

One solution to the system formed by equations (1)
and (2) is the point (α, 0) = hAB ∩ `(A, B), which is
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one of the intersection points between CAA0 and CBB 0 .
The other intersection point (considering multiplicity)
can be found as follows. Subtracting (1) and (2):
(b − a)(x − α) + y(λ(b − a))
x

=

line containing h intersects ` at R and is perpendicular
to `. Let δ be the half-plane bounded by ` such that
δ ∩ h is a half-line. Then, for any two points X, Y ∈ h
with |XH| ≤ |Y H|, we have DXC ∩ δ ⊆ DY C ∩ δ.

0

Lemma 6 Let p1 , p2 , p3 ∈ R and q1 , q2 , q3 ∈ B such
that {(p1 , q1 ), (p2 , q2 ), (p3 , q3 )} is a maximum matching for {p1 , q1 , p2 , q2 , p3 , q3 }. Then, the disks Dp1 q1 ,
Dp2 q2 , and Dp3 q3 have a point in common.

= −λy + α. (3)

Using equation (3) in equation (1), we obtain
(−λy + α − a)(−λy) + y(y − λa − β)

=

0

=

0

y(λ2 y + y − λα − β)

=

y

=

0
λα + β
.
1 + λ2

y(λ2 y − λα + λa + y − λa − β)

Proof. The idea is to reduce the disks Dp1 q1 , Dp2 q2 ,
and Dp3 q3 as much as possible so that each of the new
three disks is contained in its corresponding original
disk, and the new disks still have a point in common. For every ε1 ∈ [0, |p1 q1 |], ε2 ∈ [0, |p2 q2 |], and
ε3 ∈ [0, |p3 q3 |], let q1 (ε1 ) ∈ p1 q1 , q2 (ε2 ) ∈ p2 q2 , and
q3 (ε3 ) ∈ p3 q3 be the points such that |q1 q1 (ε1 )| = ε1 ,
|q2 q2 (ε2 )| = ε2 , and |q3 q3 (ε3 )| = ε3 . Let (ε̃1 , ε̃2 , ε̃3 )
be a maximal point of the set [0, |p1 q1 |] × [0, |p2 q2 |] ×
[0, |p3 q3 |] such that the conditions of Lemma 1 are
satisfied pairwise, that is:

Then,

λα + β
+α
1 + λ2
−λ2 α − λβ + α + λ2 α
−λβ + α
=
=
.
1 + λ2
1 + λ2

x= −λ



(4)
(5)

• in the direction from p1 to p2 , q2 (ε̃2 ) is not to the
right of q1 (ε˜1 );

The points (x, y) of CCC 0 satisfy that the scalar
product between vectors (x, y) − C = (x, y − c) and
(x, y) − C 0 = (x + λc − α, y − β) equals zero. That is,
x(x + λc − α) + (y − c)(y − β) = 0.

• in the direction from p2 to p3 , q3 (ε̃3 ) is not to the
right of q2 (ε˜2 ); and

(6)

• in the direction from p3 to p1 , q1 (ε̃1 ) is not to the
right of q3 (ε̃3 ).

Hence, to show the lemma it suffices to prove that
λα+β
(x, y) = ( −λβ+α
1+λ2 , 1+λ2 ) satisfies equation (6).




The point (ε̃1 , ε̃2 , ε̃3 ) is maximal if there does not exist
any other point (ε01 , ε02 , ε03 ) ∈ [0, |p1 q1 |] × [0, |p2 q2 |] ×
[0, |p3 q3 |] such that ε̃1 ≤ ε01 , ε̃2 ≤ ε02 , ε̃3 ≤ ε03 , and
the above three conditions are also satisfied by using
(ε01 , ε02 , ε03 ) instead of (ε̃1 , ε̃2 , ε̃3 ). Let p̃1 = q1 (ε̃1 ), p̃2 =
q2 (ε̃2 ), and p̃3 = q3 (ε̃3 ). Note that Dp1 p̃1 ⊆ Dp1 q1 ,
Dp2 p̃2 ⊆ Dp2 q2 , and Dp3 p̃3 ⊆ Dp3 q3 . We prove now
that Dp1 p̃1 , Dp2 p̃2 , and Dp3 p̃3 have a point in common,
which implies the lemma.
If p1 , p2 , and p3 belong to the same line ` (assuming w.l.o.g. that they appear in this order in `), then
the points p̃1 , p̃2 , and p̃3 belong to the same line `0
perpendicular to ` . By Thales’ theorem, the point
` ∩ `0 is common to Dp1 p̃1 , Dp2 p̃2 , and Dp3 p̃3 . Hence,
assume from now on that p1 , p2 , and p3 are in general
position. Then, there are two cases to consider:



−λβ + α
−λβ + α
+ λc − α
2
1+λ
1 + λ2



−λβ + α
λα + β − c − λ2 c
= −λ
1 + λ2
1 + λ2



λα + β
λα + β
(y − c)(y − β) =
−c
−β
1 + λ2
1 + λ2




λα + β − c − λ2 c
−λβ + α
=λ
1 + λ2
1 + λ2
x(x + λc − α) =

= −x(x + λc − α).

λα+β
Therefore, (x, y) = ( −λβ+α
1+λ2 , 1+λ2 ) satisfies equation (6) and is common to CAA0 , CBB 0 , and CCC 0 . 

Lemma 4 Let A, B, P , and R be four points in the
plane such that `(A, B) is horizontal, B is to the right
of A, P belongs to `(A, B), and R is above `(A, B).
Let C1 be the circle through the points A, P , and R,
and C2 be a circle through B and P . If C1 and C2
are tangent, let O = P , otherwise let O be the other
intersection point than P between C1 and C2 . Then,
if C2 does not enclose R, the points O and B are in
the same half-plane bounded by `(A, R).

Case 1: p̃i = pi for some i ∈ {1, 2, 3}. Assume
w.l.o.g. p̃3 = p3 (see Figure 3a). Let s1 and s2 be
the orthogonal projections of p̃1 on `(p1 , p3 ), and p̃2
on `(p2 , p3 ), respectively. Since in the direction from
p3 to p1 , point p̃1 is not to the right of p̃3 we have
p3 ∈ p1 s1 . Similarly, since in the direction from p2 to
p3 , point p̃3 is not to the right of p̃2 we have p3 ∈ p2 s2 .
By Thales’ theorem p1 s1 ⊂ Dp1 p̃1 and p2 s2 ⊂ Dp2 p̃2 ,
hence p3 = p̃3 is common to Dp1 p̃1 , Dp2 p̃2 , and Dp3 p̃3 .

Lemma 5 Let ` be a line, and R, C ∈ ` two points.
Let h be a half-line with apex point H such that the

Case 2: p̃1 6= p1 , p̃2 6= p2 , and p̃3 6= p3 . By construction of p̃1 , p̃2 , and p̃3 , at least two pairs of lines
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p3

p̃2

p̃1

p̃2

s13
s∗ O

s2
s1
p3 = p̃3

p̃3
p̃1
p1

p2

s12
h

p1

p2

(a)

(b)

Figure 3: Illustration of the two cases considered in the proof of Lemma 6: (a) p̃3 = p3 , (b) p̃3 6= p3 .
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Classification of empty lattice 4-simplices
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an empty simplex is called unimodular if its determinant equals ±1, where the determinant of
conv(v0 , . . . , vd ) ⊂ Rd is defined as

Abstract
Combining an upper bound on the volume of empty
lattice 4-simplices of large width with a computer enumeration we prove the following conjecture of Haase
and Ziegler (2000): Except for 179 classes, of determinant at most 179, all empty 4-simplices have width
one or two with respect to some integer functional.
1

v0
1

...
...

vd
.
1

In higher dimensions all unimodular simplices are
equivalent, and in particular empty, but they are no
longer the only empty simplices. Still, a quite simple
classification due to White exists in dimension 3:

Motivation and statement of result

A lattice polytope is the convex hull of a finite set of
integer points (a. k. a. lattice points) in Rd . Its dimension is the dimension of its affine span. If its vertices
are affinely independent it is a lattice simplex. A lattice polytope P is called hollow if all lattice points
of P lie in the boundary of it, and empty if all lattice points of P are vertices of it. Equivalently, an
empty d-simplex is a lattice polytope whose only lattice points are d + 1 affinely independent points.
Empty simplices are the fundamental building
blocks in the theory of lattice polytopes, in the sense
that every lattice polytope P can be triangulated into
empty simplices. (Consider, for example, a Delaunay triangulation of the set of lattice points in P ).
In particular, it is very useful to have classifications
or, at least, structural results, concerning the list of
all empty simplices in a given dimension. The natural classification of lattice polytopes is modulo unimodular equivalence: two lattice polytopes P and Q
are equivalent or unimodularly equivalent (in symbols, P ∼
=Z Q) if there is an affine transformation
f : Rn → Rn with f (Zn ) = Zn and f (P ) = Q. The
name “unimodular” comes from the fact that such a
transformation necessarily has determinant ±1.
Classification of empty 2-simplices is trivial as a
consequence of Pick’s Theorem [8]: Every empty
triangle is unimodularly equivalent to the standard
unimodular triangle conv{(0, 0), (1, 0), (0, 1)}. Here,

Theorem 1 ([10]) Every empty tetrahedron of determinant q is equivalent to
T (p, q) := conv{(0, 0, 0), (1, 0, 0), (0, 0, 1), (p, q, 1)}
for some p ∈ Z with gcd(p, q) = 1. Moreover,
T (p, q) ∼
=Z T (p0 , q) if and only if p0 = ±p±1 (mod q).
A key step in the proof of this theorem is the fact
that all empty 3-simplices have lattice width equal to
one. Here we call width of a body K ⊂ Rd with
respect to a linear functional f : Rd → R the difference maxx∈K f (x) − minx∈K f (x). We call (lattice)
width of a lattice polytope P the minimum width of
P with respect to integer functionals. For example,
the empty 3-simplices used in Theorem 1 have width
one with respect to the functional f (x, y, z) = z. Upper bounds depending on the dimension for the width
of convex bodies are set by Banaszczyk et al.[4].
As an illustration of how useful classifying empty
simplices is, let us mention the following result of
Kantor and Sarkaria [7] improved by Santos and
Ziegler [9]. For a lattice polytope P and a c ∈ N
we denote by cP the dilation of P by a factor c. We
say that a polytope P has a unimodular triangulation
if it admits a triangulation into unimodular lattice
simplices. We say it has a unimodular cover if it can
be covered by unimodular simplices contained in P .

∗ Email:
oscar.iglesias@unican.es. Supported by grants
MTM2014-54207-P and BES-2015-073128 of the Spanish Ministry of Economy and Competitiveness. This work has been
presented in the 33rd European Workshop on Computational
Geometry, Malmö, Sweden, April 5-7, 2017
† Email: francisco.santos@unican.es. Supported by grant
MTM2014-54207-P of the Spanish Ministry of Economy and
Competitiveness. Also supported by the Einstein Foundation
Berlin.

Theorem 2 ([7, 9]) Let P be a lattice 3-polytope:
1. 2P has a unimodular cover, but not necessarily
a unimodular triangulation.
2. cP has a unimodular triangulation for all c ∈
{4} ∪ {6, 7, 8, 9, . . . }, .
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Proof. (Sketch). Since P can by triangulated into
empty 3-simplices, in part (1) there is no loss of generality in assuming that P is an empty simplex. The
classification of empty 3-simplices easily gives the result. Part (2) is a bit more complicated because one
needs to make sure that the dilated empty 3-simplices
that triangulate cP admit unimodular triangulations
that are compatible in common boundaries. Still,
thanks to the classification, this is doable.


2

Bounding the volume of wide hollow 4-simplices

Throughout this section, P is a hollow 4-simplex
of width three or more. In order to prove that
det(P ) ≤ 7588 (Theorem 7) we separate the cases
when P projects to a hollow 3-polytope or not.
2.1

P admits a hollow projection

Suppose that there is an affine integer projection π :
P → Q ⊂ R3 with Q hollow. Then the width of Q is
at least that of P (because any affine integer funcional
on Q can be lifted to P , with the same width; still, P
could have smaller width with respect to a functional
that is not compatible with the projection).
Thus, Q is a hollow lattice 3-polytope of width at
least three. Such polytopes have been classified and
there are actually only five, all of width three [1, 3].
Thanks to the classification we can prove:

In dimension 4 a full classification of empty 4simplices is not known, but the following facts are:
1. There are infinitely many empty 4-simplices of
width one (e.g., cones over empty tetrahedra).
2. There are infinitely many empty 4-simplices of
width two (Haase and Ziegler [6]).
3. There are finitely many empty 4-simplices of
width greater than two (Blanco et al. [3]).
4. Every empty 4-simplex P is cyclic, meaning that
Z4 /Λ(P ) is a cyclic group [2]. Here, Λ(P ) ⊂ Z4
denotes the sublattice generated by the edgevectors of P . (Observe that for every lattice
simplex of determinant D, Zd /Λ(P ) is a finite
abelian group of order D).

Theorem 5 If an empty 4-simplex P of width at
least three has a hollow lattice projection to dimension three then the determinant of P is at most 27.
In this proof and in the rest of the paper, we call
normalized volume of a full-dimensional lattice polytope P ∈ Rd its Euclidean volume multiplied by d!.
For example, the normalized volume of a simplex
equals (the absolute value of) its determinant. Since
every lattice polytope can be triangulated and since
the determinant of a lattice simplex is an integer, the
normalized volume of every lattice polytope is an integer too. We also use the lattice length of a segment
s with rational direction, defined as its length normalized to the distance between two consecutive lattice
points in that direction.

Via an exhaustive computer enumeration, Haase
and Ziegler [6] also proved:
Theorem 3 ([6]) Among the empty 4-simplices of
determinant D ≤ 1000,
1. There are no simplices of width ≥ 5.

2. There is a unique equivalence class of simplices
of width 4. This class has determinant D = 101.
3. There are exactly 178 classes of width 3, with
determinants between 41 and 179.

Proof. (Sketch) We look one by one at the five possibilities for the hollow 3-polytope Q. They are:

Based on this, they conjectured that all empty 4simplices of determinant beyond 179 have width one
or two. The main result in this work is a proof of this:

• A triangular prism, which cannot be the projection of a 4-simplex since it has more than five
vertices.

Theorem 4 All empty 4-simplices of width greater
than two have determinant at most 179. Hence, there
are exactly 179 classes of them, as computed by Haase
and Ziegler [6]).

• Three tetrahedra, of normalized volumes 27, 25,
and 27. If one of these equals Q, then a facet F
of P already projects to Q and it projects bijectively. Let v be the vertex of P opposite to F and
let s be the vertical line through v (we call the
projection direction vertical). Then, the normalized volume of P equals the normalized volume
of Q times the lattice length of the segment P ∩s.
Since the line s is a lattice line (it contains v), the
length of the lattice-free segment P ∩ s must be
at most one. That is, the normalized volume of
P is at most that of Q.

We prove Theorem 4 by combining a theoretical
upper bound for the determinant of lattice simplices
of large width and a computer enumeration of empty
4-simplices up to that bound. More precisely:
1. We prove that all hollow 4-simplices (in particular, empty ones) of width larger than two have
determinant at most 7588. See details in Section 2.
2. We enumerate all empty 4-simplices of determinant ≤ 7600. See details in Section 3.

• One (combinatorially equivalent to a) square
pyramid. Suppose Q is this one. Let o be the
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Let now P be an empty 4-simplex of width at least
three and assume it does not have a hollow lattice
projection into dimension three. Let Q = π(P ) be the
projection along the direction where λ1 is achieved.
By our hypotheses, Q is non-hollow and has width at
least three.
Let x ∈ Q be the projection point of the segment
where λ1 is achieved (so that if sx denotes the vertical
line through x, then 1/λ1 equals the length of the
segment P ∩ sx ). Let y ∈ Q be an interior lattice
point, which exists since Q is non-hollow, and consider
the vertical line sy through it. As in the proof of
Theorem 5, we have that:

intersection point of the two diagonals of the
quadrilateral facet of Q (which happens to be
a lattice point) and let s be the vertical line
projecting to o. We skip details, but it is easy
to show that the normalized volume of P again
equals that of Q times the length of P ∩ s. As
before, since s is a lattice line this length is at
most one, so the normalized volume of P is at
most that of Q, which equals 27 again.

2.2

P does not admit a hollow projection

Here we need some tools from convex geometry.
We start with Minkowski’s Second Theorem about
successive minima. The ith successive minimum
(i = 1, . . . , d) of a centrally symmetric convex body
C ⊂ Rd is the smallest dilation factor λi such that
λi C contains i linearly independent lattice points.
Minkowski’s Second Theorem [5] says that for such
a C one has:
vol(C) ≤

• The normalized volume of P equals that of Q
times the length of sx ∩ P .
• The length of sy ∩ P cannot be larger than one,
since sy is a lattice line.
The difficulty now is, of course, that x and y are
(or may be) different points. But we can relate the
lengths of sx ∩ P and sy ∩ P as follows: consider the
ray from x through y and let z be the point where it
hits the boundary of P . Then, we have:

2d
.
λ1 λ2 · · · λd

(Here the volume is meant Euclidean, not normalized.
Remember that the latter equals d! times the former).
An example of a centrally symmetric body is the
difference body K − K := {a − b : a, b ∈ K} of a
convex body K ⊂ Rd . It is easy to notice that the
inverse of the first successive minimum λ1 −1 (K − K)
equals the lattice diameter of K: the maximum lattice
length of a rational segment contained in K. On the
other hand we have that
1
vol(K − K)
1
≤
vol(K) ≤
≤ d , (1)
2d
λ1 λ2 · · · λd
λ1

λ1 (P − P )−1 = |sx ∩ P | ≤

So, any bound for |xz|/|yz| is also a bound for λ1 −1
and, in turn, a bound for vol(P ) via Equation (1).
In order to find one such bound, assume that y is
the interior lattice point where the quotient |xz|/|yz|
is as small as possible. Observe that r := 1 − |xz|/|yz|
equals the greatest dilation factor of a homothety of
Q with center at x such that rQ is hollow. By what
we said above,

where the λi ’s are the successive minima of K − K.
The first inequality is (a particular case of) the
Brunn-Minkowski inequality [5], the second one is
Minkowski’s Second Theorem, and the third inequality comes from λ1 ≤ · · · ≤ λd (which is obvious from
the definition).
To proceed further, we need a bound on the maximum volume of hollow 3-polytopes of a certain width.
The following generalizes a result from Averkov et
al. [1, Proposition 11] (the original statement is only
for w = 3).
√
Proposition 6 Let w > 1 + 2/ 3 = 2.155 and let
µ = w−1 . Then, the following statements hold for
any convex body K ⊂ R3 with no interior integer
points and of lattice width at least w:
√
(a) λ1 (K − K) ≥ 1 − (1 + 2/ 3)µ.
(b) vol(K) is bounded above by
(
√
3/(4µ2 (1 − µ(1 + 2/ 3)))
8/(1 − µ)3

|xz|
|sx ∩ P |
≤
.
|sy ∩ P |
|yz|

λ1 ≥

|yx|
≥ 1 − r.
|xz|

We skip details of the rest of the proof, but the
general idea is that now:
• If λ1 −1 is smaller than, say, 4, then Equation (1)
already implies a bound of at most 256 for the
Euclidean volume of P (which translates to 256×
24 ' 10, 000 for the normalized volume).
• If λ1 −1 is greater than 4, then 1−r is smaller than
1/4, so that r is greater than 3/4. The width of
rQ is r times the width of Q, so it is at least
9/4 = 2.25. The hollow polytope rQ is then in
the conditions of Proposition 6, which gives us
an upper bound for the volume of it, hence for
the volume of Q, and hence for the volume of P
(for the latter we use arguments similar to those
in the proof of Theorem 5).

if w ≤ 2.427,
if w ≥ 2.427.
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By putting together these two facts (and optimizing
the parameters a bit) we arrive to:
Theorem 7 There is no hollow 4-simplex of width 3
with volume greater than 7588.
3

Computations

For the computation of all empty 4-simplices of a
given determinant D we have two different algorithms,
depending on D. In both we obtain a list of perhapsnon-empty simplices that contains all the empty ones,
and then prune via an emptiness test:

Figure 1: Computation time (sec.) for the list of all
empty lattice 4-simplices of a given determinant

• (Algorithm 1) Every lattice 4-simplex that has a
unimodular facet is equivalent to
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Abstract
We study variations of the classical and the chromatic
art gallery problem (AGP and CAGP) for path orthogonal polygons, with edge-aligned vertex α-guards, for
α = π/2, π, 2π. We show that AGP can be solved in
linear time. We give combinatorial bounds for Steiner
path polygons. For CAGP, we obtain a linear time algorithm for finding a 3-colorable guard set. By adapting the work in [6] on deciding 2-colorability, this implies that CAGP can be solved in polynomial time for
Steiner path polygons.

Figure 1: A generic orthogonal polygon, two staircase path polygons, and a Steiner path polygon. Grid
partitions and dual graphs.
y-monotone paths). A spiral polygon is a polygon
whose boundary consists of a chain of reflex vertices
and a chain of convex vertices.
We study AGP with stationary guards placed at
vertices, with 2π-range of vision, and the variant with
α-floodlights, for α = π/2, π. A vertex α-floodlight is
an internal cone of light of aperture (at most) α with
apex at a vertex. No vertex may have more than
one floodlight and, throughout the paper, we assume
that the floodlights are edge-aligned. This problem
was studied in the area of AGP (e.g. [1, 10]) but it is
novel in CAGP. Actually, CAGP with restricted angle
guards was studied in [7], but more than one guard
is allowed per vertex and it is assumed that the cone
does not include the supporting rays, which simplifies the problem. In the sequel, n and r denote the
number of vertices and of reflex vertices of a polygon. For orthogonal polygons, n = 2r + 4. We sometimes use α-guards to refer of vertex α-floodlights, for
α = π/2, π, 2π, and (SteinerPaths) Paths to refer
to (Steiner) path orthogonal polygons.

Introduction
The classical art gallery problem (AGP) for a polygon P asks for a minimum set of points G in P such
that every point in P is seen by at least one point
in G (the guard set). Research over the years has led
to combinatorial bounds, algorithms and hardness results for several variations AGP (for an introduction,
see [11]). The chromatic art gallery problem (CAGP)
was introduced in [4]. Each guard must be assigned
a color and any two guards whose visibility regions
intersect must have distinct colors. The guard set G
must be a strong conflict-free guard set ([2] deals with
another variant). In CAGP, we look for a guard set
that requires a minimum number of colors. AGP and
CAGP are NP-hard [4, 5, 6, 9]. This led to the study
of specific classes of polygons where some problems
are tractable (e.g.,[5, 8]). In this work, we deal with
path orthogonal polygons and Steiner path orthogonal
polygons (Fig. 1), which are orthogonal polygons for
which the dual graph of the grid partition ΠHV (P ) is
a path graph. ΠHV (P ) is obtained by adding all horizontal and vertical cuts (r-cuts) incident to the reflex
vertices of P , and consists of r-pieces. In a Steiner
path polygon no r-cut links two reflex vertices. Path
polygons combine spiral and staircase path polygons.
A staircase polygon is a polygon that is bounded above
and below by two staircase-like paths (i.e., two x and

1

Some structural properties of Paths

By analysis of the horizontal partition ΠH (P ), we can
see that any orthogonal polygon P can be obtained by
gluing rectangles. In Fig. 2, we sketch the construction of path polygons. We start from one extreme
point of the path graph. Such a node is either a leaf
or contained in a leaf of the dual graph of ΠH (P ). To
ensure that the dual graph of ΠHV (P ) is a path graph,
no r-cuts can have an internal intersection, which restricts the position of the new vertices and leads to
the two cases we identified as A and B in Fig. 2, up
to symmetries and scaling. For a SteinerPath, the
number of r-pieces is 2r + 1, that is n − 3.
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Figure 4: Propagation of visibility and redundant
visibility sections. The dashed arrows represent possible incoming visibility rays from other points.
Figure 2: The construction of Paths. Thick lines
and bullets show the active region for the next steps.
w.r.t. D (and C) for covering the piece defined by B
and C. The witness regions marked with w require
some local guard (not above D and not below A). 

Visibility propagation and dominance. A point p
sees a point q in a polygon P if the line segment pq
contains no points of the exterior of P and, when p is
an α-guard, it belongs to the cone of aperture α fixed
at p. The visibility region of p ∈ P is the set V (p)
of all points of P visible to p. For any given set S,
we say that p strictly dominates q for guarding S if
V (q) ∩ S ⊂ V (p) ∩ S, meaning that p can replace q
in an optimal guard set for AGP on S. If V (p) ∩ S =
V (q)∩S, the two points are equivalent for guarding S.
The section of a piece R ∈ ΠHV (P ) visible from v is
the intersection of R with a visibility cone defined
by v and the visible part (i.e., window) of the edges
shared by R and its adjacent pieces in the directions
of propagation. Only pieces partially or totally visible
from v propagate visibility from v. For Paths, the
propagation is performed at each step by only one
piece, due to the path structure (see Fig. 3).

A relevant property for 2-colorability. Let us decompose a SteinerPath P into L-shaped pieces,
where each piece consists of the three r-pieces that
are incident to a given reflex vertex v of P . We refer
to that L-shaped piece as the turn-piece of v. Let us
refine ΠHV (P ), by triangulating the r-pieces that contain reflex vertices as opposite corners (each gives two
4-pieces). This partition can be used to check if an rpiece can be covered by two guards in cooperation. We
can restrict the analysis to the r-pieces shared by two
adjacent turn pieces, say the turn-pieces of p1 and p2 .
Up to symmetry, the relevant cases are the ones we
sketch in Figs. 5(a)–(c). If they define a U-shape, as

Figure 5: Checking whether g1 and g2 can jointly
guard the r-piece that contains p1 and p2 .

Figure 3: Propagation of visibility from a vertex.

in Fig. 5(a), g1 and g2 cannot cover the r-piece that
contains p1 and p2 . We need a guard that can see
that r-piece fully. When they define a staircase, as
in Figs. 5(b)–(c), g1 and g2 can cover that piece in
cooperation if and only if g1 covers the 4-piece with
label 1 and g2 covers the 4-piece with label 2.
Furthermore, if we were looking for a 2-colorable
guard set for P then, in a situation as depicted in
Fig. 5(d), we can discard g from the candidate guard
set for the piece given by p1 and p2 , as well as the
guards below g. Indeed, there are points of P , e.g. in
the shaded region labeled with w, that cannot be
guarded either by g2 or g. Since g, g2 and any guard
that can cover w see p1 , there is a conflict between at
least three guards. So, the guard set is not 2-colorable.

Proposition 1 The first piece R that a guard v does
not see completely makes that guard redundant for
guarding any piece following R in the path.
Proof. For U-turns, the region becomes invisible to
the guard. For staircase chains, as we see in Fig. 4(a),
if A and D do not cover the piece defined by B and C,
then no point below A can cover it together with D
or some point above D, since the visibility sections
of these points would be contained in the visibility
sections of A and D. The visibility rays must cross
horizontal and vertical windows to get into the piece.
In a similar way, in Fig. 4(b), B dominates A above C,
and in Fig. 4(c), any point above D is redundant
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2

The AGP on Paths

Proof. (sketch) We assume r ≥ 1, since the result is
trivial if r = 0. To place the guards, we start from
one of two leaves of the dual graph of ΠHV (P ), and
visit the graph, re-constructing P while we apply a
greedy strategy for stationing the guards, in view of
their contribution to the rest of the polygon. When
the current piece is not covered by the guard placed
last, we can decide the optimal position for the next
guard by looking ahead at most three subsequent rectangles of ΠH (P ). This gives a linear time algorithm.
Point guards can be placed always on the boundary,
again due to Proposition 1. In addition to the vertices, the candidate positions are the intersection of
the supporting visibility rays (from the last guard) or
the intersection of the r-cuts with the boundary. 

For AGP on simple orthogonal polygons, bn/4c vertex 2π-guards and b3(n − 1)/8c vertex π/2-guards
are always sufficient and sometimes necessary [1, 11].
Propositions 2 and 3 imply that the first bound is
tight for Paths whereas the second one is not.
Proposition 2 bn/4c vertex 2π-guards are always
sufficient and sometimes necessary to guard a Path.
Any SteinerPath needs at least dn/6e guards and
this bound is tight even for staircase SteinerPaths.
Proof. The minimum number of guards is bn/4c for
spiral orthogonal polygons and dn/6e for min-area
grid orthogonal polygons [8], which are SteinerPath
instances. In a staircase SteinerPath, with n ≥ 6
vertices, each convex vertex is dominated by a reflex
vertex. For both extreme r-pieces, one of the convex vertices dominates the other one (in Fig. 1, the
rightmost on the top edge and the leftmost on the
bottom edge). Each reflex vertex sees at most three
of the r + 2 remaining convex vertices, so that at least
(r + 2)/3 = dn/6e guards are needed. For a generic
SteinerPath, |ΠHV (P )| = 2r + 1 = n − 3. For the
first L-shaped piece, a guard placed at its reflex vertex
can see four pieces (if r ≥ 2) and, possibly cooperate
with another guard to cover another piece. Similarly,
for a guard located at the dominating convex vertex
in the L-shaped piece. For the remaining vertices,
the contribution is at most six (five complete r-pieces
and possibly two other ones in cooperation). Since
n = 2r + 4 is even, the lower bound dn/6e follows. 

3

The CAGP on SteinerPaths

In [5], it is proved that the spiral polygons and the
staircase polygons admit 2-colorable and 3-colorable
vertex 2π-guard sets, respectively. In this section, we
address CAGP for Steiner path polygons with vertex
α-guards, for α ∈ {π/2, π, 2π}.
Proposition 5 Any SteinerPath has a 3-colorable
vertex α-guard set, for α = π/2, π, 2π.
Proof. Let us consider a decomposition of P in turnpieces. We place new guards for every three consecutive turn-pieces. Let r = 2m + s, with 0 ≤ s ≤ 1
and m ≥ 0, and define an enumeration of the reflex
vertices, starting from one endpoint of the path. For
all 0 ≤ k ≤ m, the label vk is assigned to the reflex
vertex 2k + s and vk+ to the following one (i.e., to the
reflex vertex 2k + s + 1). We proceed by induction
on k. Fig. 7 shows the location of guards for k = 0,
for all cases, up to symmetry.

Proposition 3 bn/4c vertex α-guards are always
sufficient and occasionally necessary to solve AGP for
SteinerPaths (and for Paths), for α = π/2, π.
Proof. The minimum for the spiral orthogonal polygons is bn/4c. So, bn/4c guards may be necessary. If
r is odd, |ΠHV | = 2r + 1 = 4k + 3, and if r is even,
|ΠHV | = 2r + 1 = 4k + 1, for some k. As we illustrate
in Fig. 6, using the construction for SteinerPaths,
we see that bn/4c are sufficient (this bound is not always the optimal solution). The guards can be located
at convex vertices to cover four pieces each and then
we use another guard for the remaining pieces.


Figure 7: The case k = 0. A single π/2-guard (•
color) is used to cover the regions (• and • colors) for
the first s reflex vertices, including the first two v0+ ’s
r-pieces.
Fig. 8 depicts the location defined for π/2-guards
for the turn at vk+1 , in the four possible cases (w.l.o.g,
we ignore the size and symmetrical cases). In this way,
in the induction step, we preserve the following invariant: P is fully covered by π/2-guards, using three colors, until the first two r-pieces incident to vk+ , in the
enumeration order; at most two π/2-guards see the

Figure 6: Guard location for α = π/2, π. The instance on the right needs less than bn/4c guards.
Proposition 4 AGP with vertex α-guards can be
solved in Θ(n) time for any n-vertex Path, for α =
2π, π, π/2. The same holds with point 2π-guards.
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and contains all the guards that see it. These conflict
sets are sufficient to prevent a 2-coloring.
For 2π-guards, we give an instance in Fig. 10. To

Figure 8: Induction step. The position of π/2-guards
(shown in • color) for covering all the r-pieces incident
+
to vk+1 and the exclusive piece of vk+1
(the regions
with • and • colors).
Figure 10: An instance not 2-colorable for 2π-guards.

exclusive piece of vk+ (which is the r-piece that is incident to vk+ but not to other reflex vertices); and there
is at most one π/2-guard seeing forthcoming regions
(i.e., after the exclusive piece of vk+ ).
We can replace every π/2-guard by a π-guard.
Therefore, any SteinerPath has a 3-colorable vertex π-guard set. A similar proof works for 2π-guards,
except that in the cases (a)–(b) of Fig. 8, we use just
one 2π-guard, located at the vertex vk+1 .


cover the witness w1 it is necessary a 2π-guard at v9 ,
v10 , v11 or v12 and they unavoidably extend a ray
that intersects all the reflex vertices of one of the two
staircases (color •). The shaded ellipsis show regions
that raise conflicts if two colors were used.
In both cases, we can extend one of the staircases
to derive the family that is not 2-colorable.
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Proposition 6 For CAGP with vertex α-guards, for
α = π/2, π, there are SteinerPaths that require
three colors, for all n ≥ 32. For α = 2π, there are
instances requiring three colors, for all n ≥ 20.
Proof. Fig. 9 shows a SteinerPath with 32 vertices
that requires three colors for π/2- and π-guards. To

Figure 9: An instance not 2-colorable for π/2- and
π-guards, because of the rays shown in color •.
prove that it does not admit a 2-colorable guard set,
we modeled the problem as binary integer program,
adapting the work in [3], and used a IP solver. The
guarding problem is modeled as a set covering problem, using the refined decomposition discussed in Section 1. Each piece must be fully covered by a single
guard. A conflict set is defined for each vertex of P
88

XVII EGC, Alicante, June 26-28, 2017

A finite procedure to construct 3-dimensional constant width bodies
Luis Montejano∗1 and Edgardo Roldán-Pensado†2
1
2

National University of México at Querétaro
National University of México at Querétaro

Introduction

whose vertices are V (Φ) and whose edges are sub arcs
of circles, each one of them joining a pair of points
of V (Φ). The complement of this graph GΦ = S(Φ)
in the boundary of Φ consists of the regular points
of Φ, whose components are spherically convex open
subsets of a sphere of radius h. In this way, a face of
Φ is defined as
S(x, h) ∩ Φ,

Constant width bodies and their properties have been
known for centuries. L. Euler, in fact, studied them
under the name “orbiforms”. He was interested in
constant width curves whose boundaries could be represented as the evolute of a hypocycloid. Nearly a
hundred years later, in 1875, Franz Reuleaux [8] published a book on kinematics, in which he mentioned
constant width curves and gave some examples. He
later gave the construction of what might be considered the simplest constant width curve which is not
a circle, and which today bears his name. Although
we know of many procedures to construct curves with
constant width, the same is not true for their higher
dimensional analogues.
By the Theorem of Pál, we know that every subset
of Rn of diameter 1 is contained in a body of constant width [3]. Sallee [9], and Lachand and Outdet
[4], among others, gave non-constructive procedures
to find them, but besides the two Meissner Solids [6],
and the obvious constant width bodies of revolution,
there is no concrete example of a constant width body
of dimension greater than 2 or a concrete finite procedure to construct one.
Here, we shall construct concrete examples of constant width bodies in dimension three. They are
constructed from some special embedding of self-dual
graphs. For more details see [7].
1

where x ∈ X.
A 3-dimensional ball polyhedron Φ is standard if
the intersection of two faces is either empty, a vertex
of GΦ or a single edge of GΦ . In fact, the graph GΦ of
a standard 3-dimensional ball polyhedron Φ is simple,
planar and 3-connected. As a consequence, we have
the Euler-Poincare formula v − e + f = 2 for any 3dimensional ball polyhedron with v vertices, e edges
and f faces.
Following the ideas of Salee [9], we define a Reuleaux
Polyhedron as convex body Φ ⊂ Rn satisfying the
following two properties
T
• Φ = x∈X B(x, h),
• Φ is a standard ball polyhedron, and

• the set V (Φ) of singular vertex points of bd Φ is
X.
In dimension 2, Reuleaux polyhedra are exactly
the Reuleaux polygons [2] and it is well known that
Reuleaux polyhedra, except in dimension 2, are not
bodies of constant width. The simplest example
of Reuleaux polyhedron is the Reuleaux tetrahedron
which is the 3-dimensional analogue of the Releaux
triangle, that is, the intersection of 4 solid spheres of
radius h centered at the vertices of a regular tetrahedron of side length h. The corresponding self dual
graph for the Reuleaux tetrahedron is the complete
graph K4 with 4 vertices. 3-dimensional Reuleaux
polyhedra will be the key to construct examples of
3-dimensional constant width bodies.

Ball and Reuleaux polyhedra

Given x ∈ Rn and h > 0 we write B(x, h) for the
closed ball of radius h centered at x and S(x, h) for
the sphere of radius h centered at x.
A ball polyhedron in Rn is the intersection of finitely
many but at least n solid spheres of T
radius h > 0.
Let us consider a ball polyhedron Φ = x∈X B(x, h).
Assume first that Φ is 3-dimensional, Φ has non
0
empty
T interior and for any proper subset X ⊂ X,
Φ 6= x∈X 0 B(x, h). We wish to describe the boundary of Φ. The set of singular points of the boundary
of Φ, S(Φ), consist of an embedding of a graph GΦ

Theorem 1 Let Φ ⊂ R3 be a Reuleaux polyhedron.
Then, GΦ is a self dual graph, where the automorphism τ is given by: τ (x) = S(x, h) ∩ Φ, for every
x ∈ X. Furthermore, τ is an involution, that is, a
vertex x belongs to the cell τ (y) if and only if the
vertex y belongs to the cell τ (x).
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• The edge x
fy is contained in S(a, h)∩S(b, h), that
is, x
fy is the sub arc of circle with center at a+b
2 ,
between x and y, contained in the plane orthog¯
onal to the segment ab.

An important property of the embedding of the
graph GΦ on R3 is that for every pair of points
x, y ∈ X
d(x, y) ≤ h and d(x, y) = h iff

x is in the dual face of y.

(1)

e is contained in S(x, h) ∩
• Similarly, the edge ab
e
S(y, h), that is, ab is the sub arc of circle with
center at x+y
2 , between a and b, contained in the
plane orthogonal to xy.
¯

Let G be a self dual graph, a metric embedding of G
in R3 is an embedding of the vertices XTof G into R3
in such a way that the convex body Φ = x∈X B(x, h)
is a Reuleaux polyhedron. It is clear that if G is a self
dual graph and G is metrically T
embedded in R3 with
V (G) = X then, in order for x∈X B(x, h) to be a
Reuleaux polyhedron, the condition in (1) is necessary
but we do not know if it is sufficient.

Denote by τ (x) the dual face of the vertex x in Φ,
that is
τ (x) = S(x, h) ∩ Φ.
By Lemma 1.1 (2) of [1], τ (x) is a spherically convex
closed subset of the sphere S(x, h). As a subset of the
boundary of Φ, the face τ (x), of the ball polyhedron
Φ is bounded by a finite number for sub arcs of circles,
e
each one an edge of GΦ . One of these edges is ab.
We now follow closely the procedure described in
[2], when they performed surgery on one of the edges
of the Reuleaux Tetrahedron.
Theorem 2 Let Φ ⊂ R3 be a Reuleaux polyhedron.
The surface Σ(Φ) obtained from the boundary of Φ by
performing surgery on one edge of each pair of dual
edges of the self dual graph GΦ is the boundary of a
constant width body.

An example of a metric embedding of a self dual graph
is K4 ; its vertices can be sent to the vertices of an
equilateral tetrahedron. The two found in the above
are also examples, the corresponding Reuleaux polyhedron are also shown.
In 1983 Lovász L. [5] studied the chromatic number
of distance graph on the sphere. For that purpose
he constructed certain polyhedra called strongly selfdual. It turns out that the vertices of these polyhedra
are metric embedding of self dual graphs, as stated
here.
2

A constant width body that can be obtained from a
Releaux polyhedron Φ by performing surgery on one
edge of each pair of dual edges of the self dual graph
GΦ is called a Meissner polyhedron. It can be proved
that every 3-dimensional body of constant width can
be arbitrarily close approximated by a Meissner polyhedron.
We also give a finite procedure to construct a 3dimensional constant width body from a Reuleaux
polygon P in dimension 2. The idea is to use the
farthest-point diagram of the Reuleaux polygon P together with its dual Delauynay Triangulation. See the
next Figure:

Meissner polyhedra

The two classic Meissner solids were constructed by
performing surgery on one of the edges of each pair of
dual edges of the Reuleaux tetrahedron. This procedure was described in Boltianski and Yaglom’s book
[2]. Our purpose is to generalize this procedure for
Reuleaux polyhedra.
Let GΦ ⊂ bd Φ be the metric embedding of the self
dual graph GΦ asTthe singular points of the Reuleaux
polyhedron Φ = x∈X B(x, h), where X is the set of
vertices of V (GΦ ). Let us fix our attention on an edge
e ∈ E(GΦ ),
x
fy ∈ E(GΦ ). Then, there is dual edge ab
such that:
• d(x, a) = d(x, b) = d(y, a) = d(y, b) = h

For more details see [7].
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Abstract

number of red points in S that can be covered with a
box not covering any blue point of S.
Uncertainty models (also in geometry) come from
real scenarios in which the big amount of data, arriving from many sources, has inherent uncertainty.
The maximum box problem has applications in data
mining when finding a rectangular region enclosing
as many positive points as possible without enclosing
any negative one. When all points are reliable the
maximum box problem is the correct answer, but if
each point is assigned a level of reliability (e.g. a probability of being correct), one may ask for the probability that there exists, among the correct points, a box
containing at least a given number of positive points
and no negative ones. In computational geometry,
we can find among other works [8, 9, 13, 10], that of
Chan et al. [5] who studied the computation of the
expectation E[M ST (S)], where S is a random sample drawn on the finite point set P , and M ST (S) is
the total length of the minimum Euclidean spanning
tree of S. The work of Fink et al. [7] that deals in
our same model with the probability that the random
bichromatic point set S is linearly separable.
We prove (Section 2) that computing Pr[box(S) ≥
k] for any given k ≥ 2, and computing the expectation
E[box(S)], are both #P-hard problems. Generating a
polynomial number of sample subsets of R ∪ B and
computing box(·) for each of them in polytime, can be
used to estimate both values in overall polytime and
with high probability of success. We further show
(Section 3) that given a point o, computing the probability that there exists a box containing exactly two
red points of S, no blue point of S, and the point o can
be solved in polytime. If we remove the restriction of
containing o, this problem is also #P-hard.

Given disjoint finite point sets R and B in the plane,
where the elements of R are colored red and the elements of B are colored blue, the maximum box problem asks for an axis-aligned rectangle (i.e. box) containing the maximum number of red points and no
blue point. We consider this problem when the input
is imprecise. That is, we consider that each point of
R ∪ B has its own and independent probability of being present in the final random point set. We prove
that, given any k ≥ 2, computing the probability that
there exists a box containing at least k red points and
no blue point is #P-hard, as well as the problem of
computing the expectation of the maximum number
of red points that can be covered with a box not containing any blue point. We complement these results
with a polytime algorithm computing the probability that there exists a box containing exactly two red
points, no blue point, and a given point of the plane.
1

Introduction

Let R and B be disjoint finite point sets in the plane
with a total of n points, where the elements of R are
colored red and the elements of B are colored blue.
The Maximum Box problem asks for an axis-aligned
rectangle (i.e. box) H such that |H ∩ R| is maximized
subject to |H ∩ B| = ∅. This problem has been studied from years ago; there are several algorithms whose
running times go from O(n2 log n) [6], O(n2 ) [3], to
O(n log3 n) [2]. In this paper, we consider a recent
uncertainty model in which each element of the input has assigned a probability. Concretely, each point
p ∈ R ∪ B has assigned the probability π(p) ∈ [0, 1] of
being present in the final (hence random) point set.
Let S ⊆ R ∪ B be the random point set where every point p ∈ R ∪ B is included in S independently
and uniformly at random with probability π(p). Let
box(S) be the random variable equal to the maximum

2

Hardness

Given a graph G = (V, E), a subset V 0 ⊆ V is an
independent set of G if no pair of vertices of V 0 define
en edge in E. The problem #IndSet of counting
the number of independent sets in a graph is #Pcomplete, even if the graph is planar, bipartite, and
with maximum degree 4 [11]. We show in what follows
a one-to-many Turing reduction from #IndSet to the
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problem of computing Pr[box(S) ≥ k], for any given
k ≥ 2. Let G = (V, E) be the input of #IndSet,
where G is a planar bipartite graph with maximum
degree 4. Let n = |V | and m = |E| = O(n).
For any subset V 0 ⊆ V and any edge e = {u, v} ∈
E, we say that V 0 1-covers edge e if exactly one of
u and v belongs to V 0 . We also say that V 0 2-covers
e if both u and v belong to V 0 . Let Ci,j denote the
number of subsets of V that 1-cover exactly i edges
and 2-cover exactly j edges. Then, P
the number N (G)
m
of independent sets of G equals to i=0 Ci,0 .
For s ≥ 1, let Gs = (Vs , Es ) be the graph obtained
from G by adding s intermediate vertices on each edge
of E. Let {fi }∞
i=1 be the Fibonacci sequence, with
f1 = f2 = 1 and fi = fi−1 + fi−2 for i ≥ 3. Let
αi = fi+1 /fi+2 for i ≥ 0. The next lemma relates the
number N (Gs ) of independent sets of Gs to Ci,j ’s.

(a)

Figure 1: a) An embedding of G. b) The embedding of
Gs for s = 2: two intermediate vertices are added to each
edge of G so that all polyline bends are covered.
Lemma 2 Let T be a set of m + 1 integers, each
bounded by a polynomial in n. If we know the value
of N (Gs ) for every s ∈ T , then the number N (G) can
be computed in polytime.
Proof. For every s ∈ T , the values of (fs+2 )m
and αs can be computed in polytime. Let bs =
N (Gs )/(fs+2 )m for every s ∈ T . Let
X
Ci,j · xi · (1 − x)j
P (x) =

Lemma 1 We have
N (Gs ) = (fs+2 )m

X

0≤i+j≤m

Ci,j · (αs )i · (1 − αs )j .

0≤i+j≤m

= a0 + a1 x + a2 x2 + · · · + am xm ,

Vs0

⊆ Vs of Gs induces
Proof. Any independent set
the subset Vs0 ∩ V of V , which is not necessarily an
independent set of G because it may 2-cover some
edges. Let V 0 ⊆ V be any subset of V that 1-covers i
edges and 2-covers j edges. For any edge e ∈ E, let pe
be the path induced by the s vertices added to e when
constructing Gs from G. An independent set of Gs
inducing V 0 can be obtained by starting with V 0 and
adding vertices as follows. For every e = {u, v} ∈ E:

whose coefficients a0 , a1 , . . . , am are linear combinations of the terms Ci,j . By Lemma 1, and using the
known values of bs and αs for every s ∈ T , we have
m + 1 evaluations of P (x) of the form bs = P (αs ),
each corresponding to the lineal equation
bs = a0 + a1 · αs + a2 · αs2 + · · · + am · αsm
with variables the coefficients a0 , . . . , am . The main
matrix A of this system of m + 1 linear equations
is Vandermonde, with parameters αs for every s ∈
T . All αs are distinct [11], then the determinant of
A is non-zero, and the system has a unique solution
a0 , . . . , am which can be computed in polytime.
Note that for j = 0, the coefficient of Ci,j · xi ·
(1 − x)j = Ci,0 · xi is Ci,0 . Furthermore, for j > 0,
all the coefficients of Ci,j · xi · (1 − x)j = Ci,j · xi ·
 t
Pj
t j
t=0 (−1) t x sum
Pmup to zero. Hence, a0 + a1 +
a2 + · · · + am =
i=0 Ci,0 = N (G). We can then
compute N (G) in polytime.


(1) if V 0 neither 1-covers nor 2-covers e, then add
any independent set of pe .
(2) if V 0 1-covers e, say u ∈ V 0 , then add any independent set of pe not containing the extreme
vertex of pe adjacent to u in Gs .
(3) if V 0 2-covers e, then add any independent set of
pe containing no extreme vertex.
It is well known that the number of independent sets
of a path of length ` is exactly f`+3 [11]. Since pe has
length s−1 for every e, the number of choices for cases
(1), (2), and (3) are fs+2 , fs+1 , and fs , resp. Then,
the number of indepedent sets of Gs inducing a subset
of V that 1-covers i edges and 2-covers j edges equals
Ci,j (fs+1 )i (fs )j (fs+2 )m−i−j . Hence, N (Gs ) equals
X
Ci,j · (fs+1 )i · (fs )j · (fs+2 )m−i−j
0≤i+j≤m

=

(fs+2 )m

X

Ci,j

0≤i+j≤m

=

(fs+2 )m

X

0≤i+j≤m



fs+1
fs+2

i 

fs
fs+2

In polytime, G = (V, E) can be embedded in the
plane using O(n2 ) area in such a way that its vertices
are at integer coordinates, and its edges are drawn so
that they are polylines made up of line segments of
the form x = i or y = j, for integers i and j [12] (see
Figure 1a). Let s0 = O(n) be the maximum number
of bends of the polylines corresponding to the edges.
For s = s0 , s0 + 1, . . . , s0 + m, we embed the graph
Gs in the following way. We embed the graph G as
above; scale the embedding by factor 2(s + 1); and
for each edge of G, add s intermediate vertices to the
polyline of the edge so that they have even integer
coordinates and cover all bends of the polyline (see

j

Ci,j · (αs )i · (1 − αs )j ,

which completes the proof.

(b)
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λ(b)

b
⇒
a

λ(a)

λ(b)

b

a

each blue point q ∈ B we assign π(q) = 1. Note from
Lemma 3 that there does not exist any box containing
more than two red points of R and no blue point from
B. Then, we have Pr[box(S) ≥ 2] = Pr[box(S) = 2],
where S ⊆ R ∪ B is the random subset of R ∪ B.
Furthermore, Pr[box(S) = 2] equals

λ(b)

⇒

a

b

⇒
λ(a)

λ(a)

Figure 2: The way in which points are perturbed.
Figure 1b). Then, each edge of Gs is represented in
the embedding by a vertical or horizontal segment.
Let the point set R0 = R0 (s) ⊂ Z2 be the vertex set
of the embedding, and color these points in red. By
translation if necessary, we can assume R0 ⊂ [0 . . . N ]2
for some N = O(n2 ). Let B0 = B0 (s) be the next set
of blue points: For each horizontal or vertical line
` through a point of R0 , and each two consecutives
points p, q ∈ R0 in ` such that the vertices p and q
are not adjacent in Gs , we add a blue point in the
segment pq connecting p and q so that it has one odd
coordinate. Note that |B0 | = O(|R0 |) = O(n + m ·
s) = O(n2 ). Now, a horizontal or vertical segment
connecting two points p and q of R0 ∪ B0 represents
an edge of Gs if and only if p, q ∈ R0 and the segment
does not contain any other point of R0 ∪ B0 in its
interior.
We perturb R0 ∪ B0 ⊂ [0 . . . N ]2 to obtain a point
set with rational coordinates by applying the function
λ : [0 . . . N ]2 → Q2 , where


x(p) + y(p)
x(p) + y(p)
, y(p) +
,
λ(p) = x(p) +
4N + 1
4N + 1

=

Pr[λ−1 (S ∩ R) is not an indep. set in Gs ]
1 − N (Gs )/2|R| ,

which implies N (Gs ) = 2|R| · (1 − Pr[box(S) ≥ 2]).
Then, for each s ∈ T we can compute N (Gs ) by calling A once. By Lemma 2, we can compute N (G) from
the m + 1 computed values of N (Gs ) for each s ∈ T .
Hence, it is #P-hard to compute Pr[box(S) ≥ 2] via
a Turing reduction from #IndSet. The case where
k ≥ 3 is an extension of k = 2.
To show that computing E[box(S)] is also #P-hard,
for each s ∈ T consider the above point set R ∪ B and
note that E[box(S)] equals
1 · Pr[λ−1 (S ∩ R) is an indep. set, S ∩ R 6= ∅] +

2 · Pr[λ−1 (S ∩ R) is not an indep. set],

which implies N (Gs ) = 2|R| · (2 − E[box(S)]) − 1. 
3

Two-point boxes

Note from the proof of Theorem 4 that it is also #Phard to compute the probability that in S ⊆ R ∩ B
there exists a box that contains exactly 2 red points
and no blue point. In this section, we present a polytime algorithm to compute such a probability when
the box is restricted to contain a given point o ∈
/ R∪B
of the plane. We assume general position, that is,
there are no two points of R ∪ B ∪ {o} with the same
x- or y-coordinate. We further assume w.l.o.g. that o
is the origin of coordinates.
Given any fixed subset X ⊆ R ∪ B, and S ⊆ R ∪ B
taken at random, let E(X) = E(X, S) denote the
event that there exists a box containing the origin o,
exactly two red points in S ∩ X, and no blue in S ∩ X.
Then, our goal probability is Pr[E(R ∪ B)].

to every p ∈ R0 ∪ B0 , where x(p) and y(p) denote the
x- and y-coordinates of p, respectively [1] (see Figure 2). Since λ is inyective [4], let λ−1 be the inverse
of λ. For X ⊂ [0 . . . N ]2 , let λ(X) = {λ(p) | p ∈ X},
and for Y ⊂ λ([0 . . . N ]2 ) let λ−1 (Y ) = {λ−1 (p) |
p ∈ Y }. Let δ = 1/(4N + 2), and define R = λ(R0 )
and B = λ(B0 ) ∪ {p + (1/2, 1/2), p + (δ, −δ) | p ∈ R}.
Note that |R|, |B| ∈ O(n2 ). For points a and b, let
D(a, b) be the box with the segment ab as a diagonal.
Lemma 3 For any different p, q ∈ R, the box D(p, q)
contains no points of B if and only if the vertices
λ−1 (p) and λ−1 (q) are adjacent in Gs .

Theorem 5 Given R ∪ B, the probability Pr[E(R ∪
B)] can be computed in polytime.

Theorem 4 Given R ∪ B, it is #P-hard to compute
the probability Pr[box(S) ≥ k] for every integer k ≥ 2,
and it is also #P-hard to compute E[box(S)].

Proof. Let X ⊆ R ∪ B, and define X + = {p ∈ X |
y(p) > 0} and X − = {p ∈ X | y(p) < 0}. Given
points q ∈ X + and r ∈ X − , define the events


Uq (X) = Uq (X, S) = q = arg min {y(p)} ,

Proof. Let k = 2. Assume that there exists an
algorithm A that computes Pr[box(S) ≥ 2]. Consider the planar bipartite graph G = (V, E), with
maximum degree 4, the input of #IndSet. Let
T = {s0 , s0 + 1, . . . , s0 + m}. For each s ∈ T we
create the graph Gs , embed Gs in the plane, and create the colored point set R ∪ B from this embedding.
To each red point p ∈ R we assign π(p) = 1/2, and for

p∈X + ∩S

and


Dr (X) = Dr (X, S) = r = arg max
{y(p)} .
−
p∈X ∩S
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Note that the event [E(Zq,r ∪ {r}) | Dr (Zq,r ∪ {r})]
is symmetric to the event [E(X) | Uq (X)], thus its
probability can be computed similarly. Otherwise, if
r ∈ B, we have

Using the formula of the total probability, we have:
X
Pr [E(X) | Uq (X)] · Pr [Uq (X)]
Pr[E(X)] =
q∈X +

where
Pr [Uq (X)] = π(q) ·

Y

Pr [E(X) | Uq (X), Dr (X)] = Pr[E(Zq,r )].
(1 − π(p)).

Observe that in the above recursive computation of
Pr[E(X)], for X = R ∪ B, there is a polynomial number of subsets Xq , Yq,r , and Zq,r ; each of such subsets
can be encoded in constant space (i.e., by using a
constant number of coordinates). Then, we can use
dynamic programming, with a polynomial-size table,
to compute Pr[E(R ∩ B)] in polytime.


p∈X + :y(p)<y(q)

To compute Pr [E(X) | Uq (X)], we assume x(q) > 0.
The case where x(q) < 0 is symmetric. If q ∈ B, then
observe that when restricted to the event Uq (X) any
box containing exactly two red points of S ∩ X and
the origin o of coordinates, where one of these red
points is to the right of q, will contain q. Hence, we
must “discard” all points to the right of q, all points in
between the horizontal lines through q and o because
they are not present, and q itself. Hence:
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